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STATEMENT 


It was in January 1975 when the first volume of Physics Through 
Ex periment—EM F—Constant and Varying—was published. The second 
volume was promised early. In the event, it has turned out to be nearly 
four years. Part of the reason, in fact, has been our effort to make the 
design of the equipment conform to requirements of a fair degree of 
accuracy and sturdiness and this has created more problems in mechanics 
experiments than were anticipated. We also wanted the benefit of 
criticism from the wider academic community. Accordingly, in this period 
we published a booklet in the year 1977, describing the equipment and 
possible experiments with them, and also presented the equipment at 
a large number of academic gatherings both in India and abroad. In 
July 1978 some of the equipment was displayed at the Oxford Conference 
on the “Role of the Laboratory in Physics Teaching” and we were 
encouraged bythe response. We have also fabricated and supplied the 
equipment to move than thirty institutions of repute, including the IITs 
in India and the International Centre for Theoretical Physics, Trieste. 

The importance of experimentation in the learning process of the 
student is emphasised all the world over and we do not wish to restate 
this case, except to say that inthe developing countries there is all the 
more reason for emphasizing the role of experiment as the major part of 
scientific culture. 

This volume centres on the use of three units of equipment—(i) The 
linear air track, (ii) Pendulum oscillator, and (iii) Mechanical trans- 
mission line, The phenomena of osciliations in systems of different kinds, 
interaction among oscillators and the process of wave Propagation cover 
more than half of the entire physics. If this claim sounds extravagant, 
we would seck to justify it on our belief that even the particle Physicists 
look to mechanics for the source of their ideas. 

The academic spectrum of experiments designed with any one unit is 
indeed very wide and the level at which experiments ma: 
depends on the desire and capacity of the student and the teacher. By no 
means would we claim that the book explores the full Tange of these id 

The work reported in this book has received help and advic See 
several workers. The group of authors have made their contri 7 on 
a number of ways. ntribution jn 

The development of equipment has been spread ov 
B.C. Mazumdar, Y.S. Shishodia* and R.C, Tailor** 


y be performed 


er several years 

have been the major 
“Now at North-Eastern Hill University, Shillon M 

**Now at Ohio State University, Athens, USA (ak at, ws 
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contributors in the design of equipment and experimentation. ; 

Professor D.P. Khandelwal of HBTI, Kanpur is exclusively responsible 
for the preparation of the script. While writing this book, many ideas 
on experimentation and analysis have come from him. I appreciate the 
kind assistance of the authorities of HBTI, Kanpur, in allowing him to 
work with us. al : 

R.S. Chhabra, A.K. Arora and N.L. Sharma have participated in a 
critical reading of the manuscript. Their observations and suggestions 
have very significantly contributed to improvement in the final version. 

K.B. Garg, B.K. Sharma and D.T. Chandwani have contributed in the 
early stages of the preparation of the book. In fac 
looked after the editing and publication of the bookl 

The academic contribution of several workers wh 
forming the experiments is indeed difficult to rec 
ficaliy mention the names of Usha Bhatia and V. 
view of the measurement and data processing ha 

Since this book is a report of actual measu 
possible experiment performed with equipmen 
shop, it is my pleasure to record that the qualit 
has been the exclusive achievement of Geor 
Sharma. is 

The list of associates, critics, helpers and workers is indeed very long 
and it is impossible to name them all. However, I must mention my 
colleague Prof. S. Lokanathan. For the entire Programme of this 
project (University Leadership Project), through thick and thin, his 
assistance has been invaluable—in the ideas, critical analysis of experi- 
ments, putting us to work, its format and what not. Without him, I hardly 
think any of this work would have been possible. 

One wonders if academic recognition and fruitful response needs a 
personal association to render active support to such a project. But this 
indeed has been our story. Ajoy Ghatak and C.L. Mehta at IIT, Delhi, 
M.R. Bhiday at the University of Poona, Girijesh Mehta and H.S. Mani 
of the IIT, Kanpur; C. Mande of the University of Nagpur, and A.R. 
Patel of the University of Vallabh Vidyanagar, amon 
encouraged us in work but also placed the equi 
students. 

The University Grants Commission has a ver 
improvement of Physics Education. Professor B. Ramchandra Rao and 
Professor B.M. Udgaonkar have kept their keen and sustained interest 
in our work and we hope to enjoy their Confidence and encouragement 
in the coming years. The administrative help and understanding shown 
to us by Dr Shankarnarayan and Prompt help from A.G. Deshmukh at 
the UGC end deserve specific mention. At the Rajasthan University, 
L.P. Vaish has been unique as an administrator, rendering us all possible 
assistance as and when needed and taking pride in our work. We share 
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our achievement with all of them. 

I hope we have lost years, but not face. We have struggled, sometimes 
against heavy odds, and we have tried to present our ideas and contri- 
bution to the big task of recasting Physics Education. A critical review 
from the academic community will indeed help us in our future work 
on the project. 


B. SARAF 


PREFACE 


This book is the second of the series we are bringing on laboratory work 
in Physics and deals with experiments on mechanics carried out with the 
equipment especially designed and developed by us for the purpose. It 
covers a comprehensive family of experiments involving motion in 
different kinds of potential fields, starting from simple one dimensional 
motion and collisions, going through oscillations and leading upto wave 
transmission. 

Classical mechanics remains the most fundamental of all branches of 
Physics. Although the framework of Newton’s laws is now realised to be 
inadequate and insufficient when atomic and nuclear interactions are to 
be studied, these laws are exact for all practical purposes for an engineer 
and a technologist, including the space scientist. An even more 
compelling reason for a thorough study of this discipline is that 
mechanics offers a large variety of models and is a rich source of ideas 
in all areas of physics. The concepts here are easily visualised. Even the 
most sophisticated modern theoretician carries the models of mechanics 
in his mind. y 

In the modern method of teaching physics, mechanics is not treated as 
an isolated branch but as the backbone of physics. The experiments 
which we have designed take special care of this aspect; potentials of 
forms similar to those one comes across in atomic and nuclear 
interactions are produced and motions under them are studied. That the 
studies deal with potential energy variation and not force makes it easier 
to compare the experiments with parallel situations in atomic physics. 
One may then see to what extent quantum mechanics would give results 
appreciably different from Newtonian mechanics. 

Unfortunately, the undergraduate laboratories are at present inadequately 
equipped with experiments on mechanics. There are two reasons for this. 
Firstly, damping is a formidable enemy of moving systems, so that it is 
not really easy to design mechanical experiments whose behaviour would 
sufficiently approach the ideal. Secondly, measurement of velocities using 
small enough sampling distance involves time-intervals much smaller 
than what the best of stop-watches can measure. elt 

We have constructed a linear air-track, where the bodies under study 
glide on a cushion of air so that friction becomes negligibly small. This 
limits our study to one-dimensional motion, but this incidentally gives 
us a simplification to -tart with. We have also developed an electronic 
timer counter with photo-transistor sensing to measure time intervals 
with least count upto 10 microsecond without direct mechanical contact 


with the moving gliders. 


x PREFACE 
The experiments on the air-track designed by us use magnetic 
interaction, instead of the usual elastic interaction through springs. This 
extends the range of experiments, insofar as a large variety of potentials 
can be generated. Also one can do experiments on the passage of a 
projectile through a potential fieid, when the field magnets are placed 
sideways from the track, Use of magnetic interaction made it necessary 
to avoid a metallic air-track, which causes electromagnetic damping. We, 
therefore designed and fabricated the air-track from perspex sheets. 

While the perspex air-track and the electronic timer opened the gates 
for a wide range of experiments on one-dimensional motion, the timer 
also helped us to develop another series of experiments centred on the 
rigid pendulum. Apart from quantitative ex 
developed a maintained oscillator for the study of forced oscillations 
(including phase relations), and a simple quantitative coupling device 
for the study of frequency splitting in normal modes in coupled 
oscillations. 

Finally, a torsional transmission line 
the study of wave propagation under variable termination. 

The range of equipment described in this book is now being used at a 
large number of institutions all over India.* Under a programme of the 
UGC we are supplying the €quipment at bare cost basis to educational 
institutions. However, for those who have the facilities and a desire to 
make their own equipment we have given complete details of the equip- 
ment (including those for the fabrication of the perspex air-track) and 
of the circuits for the electronic digital timer counter and the photo- 
transistor sensor. 

Unlike the electrical experiments described in Vol. 1 of this series, the 
experiments in mechanics havea much wider range and variety. There- 
fore, they permit the teacher a larger degree of freedom as regards both 
the sequence and the content of experiments. We have chosen a sequence 
based on the use of the air- 


track, the oscillators and the transmission 
line. But one could, for example, start with 
go on to oscillations in potential wells of 


the air-track), then to forced and co 
inelastic collisions, time-delay, etc, 

this book will not limit the teachers’ c 
a programme best suited to his iine of 


periments on damping, we 


(vertical) has been designed for 


the harmonic oscillator, 
different shapes (using 
upled oscillators, and then to 
We hope that what is described in 
hoice, but will enable him to design 
thought and environment, 


B. SARAF 


*One set has gone to UNESCO through the International Centre for Theoretical 
Physics, Trieste, Italy. 


BRIEF DESCRIPTION OF BASIC EQUIPMENT AND 
GENERAL SUGGESTIONS FOR THE STUDENTS 


Physics is primarily an experimental science. While concepts are impor- 
tant in interpreting experimental results and in proposing new experi- 
ments, the ultimate basis of all physics is experiment. It is therefore 
important that you learn physics through experiment. 

What you learn out of an experiment depends partly on the equipment 
available and partly on how you apply your mind to collect the data, to 
understand the underlying concepts and to extend those concepts to other 
parallel situations. The discussion below will be of help to you in these 
directions, 


1. The Linear Air-Track 

For meaningful experiments on mechanics you need to keep bodies 
practically free from friction. This is achieved by making the bodies 
float on a cushion of air. The linear air-track is one such device. Full 
details of this are given in Appendix I-A and it will be useful for you to 
go through it. Figure 0.1 gives a photograph of the air-track with its 
accessories. 

Briefly speaking, the linear air-wtack is a two-metre long hollow hori- 
zontal tube of triangular cross-section fabricated out of perspex (acrylic 
plastic) sheets. Holes are drilled at regular intervals along the length of 
the tube, through which air may be blown with a blower. Aluminium 
gliders literally float on this cushion of air and can move along the track 
freely with little friction. 

To avoid the effect of gravitation on the motion under study the air- 
track must be set accurately horizontal. Levelling screws are provided 
at the ends of the track for this purpose. The best check of horizontality 
is that the glider (when floating) should not move either way on its own.* 

Some of the questions which could arise in your mind are: could you 
use gliders of smaller or larger length? Would the glider float with equal 
ease if the load is increased? Could the air passage at the end farther 
from the blower be closed or made much wider? To these questions the 
best answer is given by experiment. 


*You will notice that there will be some small disturbances even with the best 
setting. This is either because the track is not perfectly straight or because of 
small drafts of air (Bernoulli effect). You should be satisfied if the effects of such 
disturbance are negligible compared with the effect of the interactions under study, 
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2. Use of Magnetic Interactions 

The riders employed for experiments on the air-track carry a bar mag- 
net each to provide magnetic interactions.* Direct hits between two bodies 
do not provide margin for studying what happens during a collision. 
They also involve loss of energy into forms otker than mechanical, e.g., 
heat. Springs may be used, but it is difficult to keep them horizontal and 
obtain reproducibility. Electrical and magnetic bodies provide interaction 
at a distance and one can also arrange several of them to make their 
interactions superpose. But static electrical charges are difficult to main- 
tain. For these reasons we have chosen to use magnetic interactions. 
Incidentally the intėraction range of the magnets used is of sufficient 
span (25 to 40 cm) to permit use of sampling distance 0.3 to 1.0 cm for 
velocity measurement. 

The magnets provided for the experiments have to be shor 


t, of high 
magnetic moment, and capacity to retain their magnetism for | 


Ong time. 
You will be well advised to use them with some Tespect—handle them 
without jerks and pack them with keepers when they are not in use. 


In mounting the magnets on the riders, care must be t 
remain either parallel to the track or Perpendicular to it a 
as desired. Also the interacting magnets must be kept at t 
from the track, otherwise wobbling ma; 
loss. When extra mass is added on 
the centre of mass of the system May n 
magnetic axis, otherwise wobbling occurs. 

The reason for our using a perspex (non-metallic) air-track 


magnets moving near a conductor experience electromagnetic da 


Obviously, you should not place other metallic bodies too clos 
track.** 


aken that they 
nd symmetrical 
he same height 
y occur, resulting in some energy 
the gliders, care may be taken that 
ot go far from the line of the 


is that 
mping. 
e to the 


3. The Measurement of Time Intervals; 
Counter and Sensors 


Two things are necessary for measuring time intervals: 
measuring device (clock), and (ii) a ‘sensor’ which is to tell the cl 
+ when to start and when to stop. The least count of a stop-watch i i ock 
better than 0.1 second. The sensing action is done is seldom 


$ by your z 
and that too is not good enough when you go 4 “yt and hand, 


dowr to fractio 
second, since the eye response is not sufficiently fastt aora 


For the measurement of time intervals in the experiments we hav 
e 


The Digital Timer 


(i) a time 


*A rider carrying a magnet is hereafter called a glider or a Projectile 
**The riders, which are of aluminium, would cause some loss whe 
He i i n another gli 
moves in the neighbourhood. er glider 
t One of us was acting as a time-keeper in a college 100 metre 


4 fi dash and his poor 
experience and slow response with the stop-watch resulted in the first four students 
setting world records! 
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designed a sensor and a timer, full details of which are given in Appen- 
dix I-B. The sensor uses a narrow* pencil of light falling on a photo- 
transistor. A strip mounted on the moving glider interrupts this pencil 
of light (Fig. 0.2) and this provides a signal to the timer to start or stop 
counting time. The time interval measurement is carried out with the 
digital timer counter. Figure 0.3 gives a photograph showing the front 
panel of the double channel digital timer counter. 


Photo transistor 
chamber 


strip on glider 


source 
chamber 


(a) 


S 


P 
a te ee 
(b) 


FIGURE 0.2.(a) Photosensor and the glider with an 
intercepting strip, (b) the signal produced by the photo- 
sensor. 


The timer has a quartz crystal-controlled oscillator of frequency 100 
KHz and the number of oscillations completed in a given time is dis- 
played on a 4-digit electronic counter. Thus each count means 10 micro- 
second time-interval. A provision for scaling in steps of ten can make each 
count equal to 100 micro-second, 1 ms, 10 ms, 100 ms or 1s. Signals from 
the sensors control the ‘gate’ of the counter and provision has been made 
for three distinct modes in which the signals may instruct the gates. 

Mode | AL. When the mode switch is set at JAL, the logic circuit so 
works that the counter starts counting when the beam of light is 


* ‘Narrow’ is a relative term. A 1 mm wide pencil is quite narrow for a 10 mm 
wide sampling strip. But with a 3 mm wide sampling strip the 1 mm width ceases to 
be really narrow (see Fig. 0.2). 
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interrupted in sensor A and stops counting as soon as the OL URGE ce 
A ceases. If the count is ¢ and the obstructing strip ont e gli ls 
width w, the velocity of the glider is given by w/t. You will cee 
that if w is ~5 mm and velocity is ~0.5 m/sec, the timer count i 
~10 ms. Thus a measurement of time with least count 10 ps gives an 
accuracy of | part in 1000. 


Increasing the sampling distance w ten-fold would increase the accuracy of meas- 
urement of both w and t. But you will then be measuring an ‘average velocity over 
engtn 50 mm, not over 5 mm. The theoretician would define ‘instantaneous 
as w,t when w tends to zero. But an experimentalist knows th 
measurement (of both w and t) decreases as w decreases. r 
absurd to measure time interval for zero travel). A compromise has, therefore, to be 
made, depending on the total range of interaction and the least count of the measu- 
ring devices. With the two-magnet interaction the total range of meaningful 
action is about 25 to 40 cm; it will be obvious that a sa 
or 5 cm will not give enough details, possi! 
and about 3 mm would be better stili if goo 


velocity’ 
at the accuracy of 
(In any case it will be 


inter- 
mpling distance (w) of 10cm 
y 1 cm is the uppermost desirable limit, 
d micrometer and a timer are available,* 


Mode J4 |B. When the mode switch is set at JA JB 
circuit so works that the counting starts when the beam 
interrupted insensor A, does not stop counting when this 
ceases, but stops when the beam of light is interrupted in ano 
B. Thus the time of passage of the glider between the Position 
A and B is measured in this mode. 


Mode J 4 $4. With the mode switch in position JA JZ, the logic 
system so work : i i 


he beam of light is 


, the logic 
of light is 
interruption 
ther sensor 
S of sensors 


cleared or when anythin 


hen the beam 
of light is interrupted again in sensor 4. Thus, 


the time interval between 
ame position is measured 
in this mode. 

An additional mode is provided in some timers. 
timer skip the alternate interruptions in the vaa. 
ment of period T of an oscillator this is needed. 
provision you have to measure time 7; for pas 
the passage the other way and add them. As an analysis would show 
tbis will really be a little short of T (why?). Of course, this switch must 
be kept at ‘off? when modes | AL or JA JF are in use. 

The Double Channe) Timer. For many experiments we need to measure 
two time intervals in one run. For this Purpose a double channel digital 
timer counter is used. Modes {OL, JIC iD and JC JC of the second 
counter have the same functions as modes |] L, Ja JB and JA car 
respectively of the first counter. 


A switch makes the 
mode. For measure- 
In the absence of this 
Sage one way and To for 


j ling distance of half a 
a t, for a car journey of (say) 100 km, a samp 
kil og a be good enough to describe the velocity changes. 
ilo 
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Accuracy of Time Measurements. Since the crystal oscillator in the 
timer is not thermally controlled, a small variation in absolute time 
measurement may occur. But this is insignificant in the context of the 
mechanical experiments to be done. in our design of the double timer 
the same crystal controls both the counters. Therefore, relative error due 
to the clock itself is excluded. 

The major limitation to accuracy really comes from the use of small 
sampling widths and the finite width of the beam, of light in the sensor. 
The pin-hole determining the beam has a diameter ~1 mm. Therefore, 
if a 10 mm strip interrupts the beam, the full obstruction lasts for 
10—1=9 mm travel, with slopes on each side corresponding to 1 mm 
travel (Fig. 0.2b). The timer ‘gate’ would thus remain open for time 
corresponding to anything between 9 and 11 mm travel, depending on 
where the trigger level is set by you in the timer. However, in the 
practical range of trigger levels the range of error is much less (<5 per 
cent), In a series of measurements with the same timer, set at a constant 
trigger level, the effect will be much below l per cent. It is advised that 
you note the two extremes for the trigger knob and set it in the middle 
for working. This ensures that the time measurement is quite close 
to that corresponding to the sampling width. It also ensures that stray 
mains voltage fluctuations do not -esult in skipping of some counts by 
the timer. 

In a double timer you may adjust the two trigger levels to make the 
readings match within (say) 1 per cent, This is especially important 
when smaller sampling widths (like 3 mm) are used. 


4, The Technique for Taking the Observations 

Suppose you want to measure the velocity V of a glider at different 
positions x after it is released from a given position. If you had (say) 
20 sensors and corresponding timers you could just spread the sensors in 
the range of x of interest to you and get the corresponding V data in one 
sweep on the 20 timers. Witha single timer the technique will be to 
repeat the experiment 20 times with the same initial condition, placing 
the sensor at different positions x in each trial. This method assumes that 
the initial condition is reproducible to the extent of the accuracy desired. 
The spacers are particularly useful for this purpose. 

Suppose you desire to determine 7 at different times t after release 
of the glider from some position. For this the double timer is useful. Set 
one sensor A near the release p-c'tio:. of the glider and another sensor 
B at a variable distance « ~\»2-ii A and B to the first timer and connect 
input of B to input C s* “he her timer.” Set the first timer mode to 


*There will be many situations ia woich oxe of the inputs in two timers needs to 
be connected to an input of the other. Which one is connected to which will depend 
upon what corresponding measurements you need from the timers. 
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Ja YB and the second timer mode to J CL. The time reading in the first 


is varies with x); the 
gives travel time £ from sensor A to sensor B (this varies with E i 
time reading in the second leads to the determination of glider ve 
at sensor position B. 


i i n one series set the 
With a single timer you will have to use a different technique. In o. 


i i -i sor B to the 
timer to mode J4 JB to get x vs t data; in another series PP EE eira F 
A socket of the timer and set the latter to mode JĄ |_ to get x : 
lead to v ys t data. 


erimental Data x j 
5. R AT TE of the same experimental quantity there will 
always be some differences. These may arise irom yauanony of ioatial 
conditions in different trials, variations in the unaccounted interactions 
(like wobbling, air-currents in the room, or even your breathing), or 
uncertainty in the setting of your measuring device. Such variations 


are 
called ‘scatter’ or ‘spread’ of the experimental data. 


In fact there are experiments in which nature itself provides a 
of the quantity under measurement. The scatter is then not due 
the equipment or the experimentalist. As one example 
counting (say) the « particles from a 
Let the experiment be repeated with 
found that the 


scatter in the value 
to the limitations of 
» consider an experiment on 
given radioactive sample in a given geometry, 
identical samples and identical geometry. It is 
count rate shows a scatter far beyond the experimental limitations, 
sly plays statistics when it comes to individual events at atomic levels. 


Xperiments the scatter is due primarily to the experimental limitations 
of reproducibility or of measurements. 


Reducing the scatter of data to th 
experimentalist. But even the best pe 
Scatter. What is important is to have 
about the scatter. 

Consider the following set of teadings of a timer counter in repeated 
measurement of velocity under identical situations: 

12.54, 12.68, 12.47, 12.59, 12.72, 12.49 ms. 


The total spread is 12,.72—12.47=0,25 ins, which 
If the uncertainties elsewhere are likely to be more than 2 per cent, then 
this scatter is not to be considered as significant. Ali the same, your 
conclusions, if drawn from a single set for each situation, should not be 
stated to an extent better than 2 per cent. 
The graphical method of interpreting the data is useful to take a fair 
degree of care about the scatter; you draw a smooth curve passing in 
close proximity with the observation points. Figure 0.4 (a) shows how a 
smooth curve is the best representation of the experimental data, 
although it does not pass through most of the observation points. 
You may have a lingering doubt: shouid not the curve be drawn to 
touch each observed point? Well, repeat the same experiment taking (say) 


e minimum is the business of a good 
rformed experiments will have some 


an understanding and information 


is about 2 per cent. 
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four observations of Y for each ¥. Figure 0.4 (b) shows this. Obviously, 
now you cannot think of having a curve passing through all the observa- 


x x 
(o) (b) 


FIGURE 0.4. The graphical treatment of data—(a) a smooth curve fitting 
the experimental data, (b) the scatter of data. 


tion points. All you can do is to draw the curve in such a way that it 
does not go outside the range of scatter in Y. 


6. Attention to Mechanical Designs 

Apart from the air-track and the timer, you will be using several other 
equipment whose mechanical design can best be understood by seeing 
them critically. As one example, you may take the bar pendulum 
mounted on two sharp pivots supported ona plate. You may examine 
why. a knife-edge support is not chosen and why the pivot pins as well as 
the plates must be of hard metal. As another example, the design of the 
coupled oscillator (one pendulum mounted on another) needs special 
attention how the relative vertical positions of the axes of oscillation of 
the two can be changéd, and why a counter-weight is to be used for one 
of the pendulums. If you wish to be a good experimentalist you would 
do well to pay attention to all these details. 


7. Your Laboratory Work 

We have provided no particular format for recording the laboratory 
work. This is because we want you to develop your own method, depend- 
ing on the relative emphasis in the experiment. 

It is a common advice that you may prepare yourself for the 
experiment before doing it. Well, it is true that such preparation will 
enable you to organise the experiment better. But in mechanical experi- 
ments the design details govern the performance of the experiment and 
hence the most important advance preparation is to have a look at the 
equipment and to understand the functions of each component. Now, if 
you are aware of what information you desire to get out of the experi- 
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ment you can intelligently plan to adjust your parameters as you proceed 
with the experiment. 

As you will see, the experiments described in this book are not designed 
to determine a constant or to verify a law. They are open-ended studies 
and the variation of one parameter with another is to be presented in a 
graphical form in each case. What is important is your interpretation of 
these graphs. 

The mechanical experiments need several precautions in order to get 
reproducible and accurate results. In the air-track experiments, for 
example, you have to ensure horizontality of the track, absence of air- 
currents, symmetric placement of magnets on the rider, absence of 
unwanted magnets or magnetic materials or metals from the neigh- 
bourhood, etc. But the important thing is to fake these precautions and 
not merely to write them on the record book. If you are able to appre- 

ciate how the given equipment may give the best results, you are certainly 
on the path of becoming a good experimentalist. 


CONTENTS 


Chapter 1 


Statement 

Preface 

Brief Description of Basic Equipment and General 
Suggestions for the Students 


STUDY OF COLLISIONS 

Collision. Isolated Systems. The Conservation Laws. 
Collision of Two Bodies when one is Initially at Rest. 
Collision with a Body of ‘Infinite’ Mass. Preliminary 
Experiments about Quality of the Air-Track 


EXPERIMENTS 

1-A. Energy transfer between two gliders in Collision 
7 

1-B. Dependence of energy transfer on the mass ratio 
of the colliding gliders 8 

1-C. Conservation of momentum with initial momentum 
zero 

1-D. Conservation of momentum with initial momentum 
non-zero 10 


Appendix I-A The Perspex Air-Track 


Appendix I-B The Digital Timer Counter 


Chapter 2 


Chapter 3 


THE STUDY OF POTENTIAL ENERGY 
DIAGRAMS 

Mechanics and Newton's Laws of Motion. The Mea- 
surement of Potential Energy 


EXPERIMENTS 

2-A. Potential energy curve due to magnet-magnet 
interaction 31 

2-B. The gravitational potential energy 35 

2-C Superposition of gravitational and magnetic 
potential energy curves 36 

2-D. Potential energy of a magnet bounded by two 
fixed magnets 37 


STUDY OF OSCILLATIONS IN POTENTIAL 
WELLS OF DIFFERENT SHAPES 
Potential Wells. Oscillations in a Potential Well. 


13 


16 


28 


42 


xx CONTENTS 


EXPERIMENTS 


3-A. Frequency versus energy curves for oscillations 
ina potential well 46 

3-B. Effect of oscillator mass on the frequency 49 

3-C. Frequency versus energy curve when two bodies 
oscillate against one another 51 

3-D. Oscillations in a rectangular potential well 52 


Appendix III-A Graphical Method for Deducing the Details 
of Motion in a Potential Well 


55 
Appendix III-B The Concept of Reduced Mass 61 
Chapter 4 STUDY OF SOME SPECIAL POTENTIALS 62 


Introduction. Generating Regions of Different Forms 


of Potential. Time-Delay in Passing Through a 
Field. 


EXPERIMENTS 

4-A. A potential hill with side wells 67 

4-B. A potential well with shoulders 69 

4-C. A simple potential hill or well 69 

4-D. Oscillations in a potential well with shoulder hills 70 

4-E. Oscillations in a simple potential well 70 

4-F. Some other potential Shapes and study oscilla- 
tions in them 7] 


Time-delay in passing through a potential hill 75 
Time-delay in passing through a simple potential 
well 78 


4-G. 
4-H. 


Appendix IV-A Deduction of Potential Parameters from 
Time-Delay 80 
Chapter 5 INELASTIC COLLISIONS 
Introduction. Internal Modes ofa System. General 
Description of the Arrangements. Determination of 
the Energy Transfer. Preliminary Ex perinents: 


(a) Constants of the Internal Mode, (b) Torque 
versus Projectile position. 


85 


EXPERIMENTS 

5-A. Energy transfer as a Junction of Projectile 

energy or velocity 90 

5-B. Dependence of the absorption curve on the 
Projectile mass 9] 


CONTENTS 


Appendix V-A 


Chapter 6 


Appendix VI-A 
Appendix VI-B 
Appendix V1I-C 


Chapter 7 


xxi 


5-C. Dependence of the energy absorption on the 
restoring factor C of the internal mode 93 

5-D. Dependence of the absorption curve on the 
inertia factor I of the internal mode 94 

5-E. Effect of phase relation on the energy transfer 9 

5-F, Energy transfer to a different mode of the 
target oscillator 101 


Analysis of Energy Transfer in Inelastic Collisions 


8 


of Dipoles 103 


STUDY OF DAMPING IN A HARMONIC 


OSCILLATOR 112 


Introduction. The Damped Harmonic Oscillator. 


EXPERIMENTS 

6-A. Variation of period with amplitude in large 
angle oscillations 114 

6-B. Damping of an oscillator 115 

6-C. Dependence of damping coefficient x on I and 
C of the oscillator 117 

6-D. Effect of the total mass on the damping factor r 

6-E. Air-damping contribution in the oscillations 120 

6-F. Damping due to a vane in water 122 

6-G. Electromagnetic damping using a coil 123 


119 


6-H. Electromagnetic damping using a metal sheet 126 

Proof that Snrall Oscillations are Harmonic 128 
Theory of the Rigid Pendulum 129 
Theory of Damped Oscillations 130 
STUDY OF FORCED OSCILLATIONS 133 


General. Forced Oscillations. Description of the 
Apparatus: (a) Maintained Oscillator, (b) The 
Coupling, (c) Measurement of Relative Amplitudes 
and Phases, (d) Measurement of Velocity Ampli- 
tude. 


EXPERIMENTS 

7-A. Amplitude response in force oscillations 138 

7-B. Velocity response in force oscillations 142 

7-C. Driven oscillator lags behind the driver in 
phase 143 


Appendix VII-A Theory of Forced Oscillations 


148 


CONTENTS 
xxii 


i i of a Loaded Thread 
ix VII-B Effect of Coupling by Means A 
ie E Tied between Two Rigid Pendulums 151 


S 154 
or COUPLED OSCILLATIONS 
Pae Free Oscillations of a Coupled System. Normal 
Modes. The Experimental Set-up 


EXPERIMENTS 

8-A. Measurement of the coupling factor Ca, and 
its Dependence on different parameters 157 

8-B. Frequency of normal modes in a coupled oscil- 
lator 158 

8C. Frequency of energy transfer between the 
components in coupled oscillations 16] 

Details of energy transfer between the com- 

ponents in coupled oscillations 162 

8-E. Coupling of simple pendulums through a bar 
support 164 


Coupling of rigid pendulums when one rides 
over the top of the other 166 


8-F. 


Appendix VIIT-A Theory of Coupled Oscillations 167 


Chapter 9 STUDIES WITH THE TORSIONAL TRANS- 
MISSION LINE 


Introduction. Description of the Torsional Trans- 


mission Line. Constants of the Line, Exciting the 
Torsional Transmission Line, 


171 


EXPERIMENTS 
9-A. Determination of the constant C' of the trans- 
mission line 175 
9-B. Dispersion relation in the transmission line 
taking the configurations as given 176 
Normal mode configurations and dispersion 
relation in the transmission line using 
resonance method 179 
9-D. Propagation velocity along 
9-E. Dependence of propagatio 
line parameters 182 
9-F. Variation of reflection co 
tion 183 
Partial reflection and Partial transmission at 
the boundary of two media 186 


9-C, 


the 


the line 181 
n velocity on the 


efficient with termina- 


9-G. 


Appendix IX-A Theory of the Mechanical Transmission Line 189 


FIGURE 0.1. Photograph of the linear air-track. 


FIGURE 0.3. Photograph of the front panel of the digital double timer counter, 


FIGURE 5.2 (c). Photograph of system Fig. 5.2 (b) 


ae 


FIGURE 7.1. 


Photograph of the system used for the study 
of forced oscillations. 


FIGURE 9.1. Photograph of the torsional tray smission 
line. 


STUDY OF 
COLLISIONS 


1.1, COLLISION 


In common language ‘collision’ is an event in which one body ‘hits’ 
another; it involves the interplay of forces between two (or more) 
bodies and consequent changes in their momentum and kinetic energy. 
Quite often a collision is taken as a short-time or short-range process so 
that we may speak of momentum and kinetic energy of a body before 
its collision with another body and after the collision, but may ignore 
the details of what happens during the collision. A collision between 
two steel balls is typical in this category. However, in science any 
mutual application of force between two bodies is called an ‘interaction’ 
and this is not always of short duration in time or distance.* The event 
from the start to the end of an interaction may be called a ‘collision’ 
and we may be interested not only in what happens as a net result of a 
collision, but also in the details during the collision. The collision of 
a volley-ball with the net is a typical example in which we can see what 
happens to the net and the bail at different stages during the collision. 
Of course, the duration of the collision becomes shorter if the net is 
made tighter; we may further reduce the duration if the ball is made to 
hit a wall; still further if the ball is filled to higher and higher pressure; 
and finally we may pass on to consider a steel ball hitting a steel wall. 
The interaction time now becomes very small, yet it is not zero and you 
could be interested in the details during this collision too. 


1.2. ISOLATED SYSTEMS 


Your interest in studying collisions is in finding how the energy and 
momentum exchange occurs. You will realise that for this purpose you 
will have to clearly identify the interacting bodies, i.e., to isolate the 
members participating in the collision. If you study the collision of 
bodies A and B you must make sure that no other body interacts with 
either A or B. In the case of two steel balls, friction is one parasitic 


* Thus the moon is continuously in collision with the earth, the interaction force 
being gravitational. When we talk of a collision in common language we are merely 


‘saying that the elastic force between the two bodies is very much stronger than the 


gravitational, magnetic or electrical force (in faet, the elastic force is itself understood 
in terms of electromagnetic force between bodies which are neutral on the whole). 
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interaction and, if the floor is not horizontal, earth’s interaction (gravity) 
is another. In the case of the volley-ball and the net example, you will 
have to remember that the net is tied to the poles, which in turn are 
pegged on the earth, so that participants in the collision (the net and the 
ball) are not well isolated. 

One neat case of collision between two isolated bodies is when a 
stone falls on ground. While the stone is held by some agency, the 
earth’s pull is balanced by the force from that agency. So that collision 
may be taken to start only from the moment the body is released.* 
Thereafter the two bodies colliding are the stone and the earth (neglect- 
ing air friction). You will notice that if the changes in momentum and 
energy of the earth are ignored the analysis will be incomplete; the earth 
is a party in the game. 

In the experiments which you are to perform two magnets mounted 
on separate gliders, floating on the horizontal air-track, form the 
isolated system under study. Because the track is horizontal carth’s 
gravitation does not contribute to the change in motion. And> because 
of the air-cushion, friction with the track does not play appreciable 
role. Thus the exchange of energy and momentum arises primarily 
from the interaction between the two magnets. which form an isolated 
system. 


1.3. THE CONSERVATION LAWS 


Consider a collision between two bodies A and B, which are isolated 
from the rest of the universe. If Ka=} mva? is the kinetic energy and 
pa=mva is the momentum of A at any stage of the interaction and Kn, 
ps are the corresponding quantities for the body B then the conservation 
of momentum says that 
pa+ps=constant EE ales 
during all stages of the interaction. If the values before the ene 
tion starts are pa°, ps° and those after the interaction ends are pa’. ps’ 
then pa’ +ps’=pa°+ps® mec) 
which is a special — and limited — case of relation (1.1). You will 
certainly like to check the validity of Equation (1.1), which holds at all 
the stages during an interaction and for this you will need to measure 
the momenta at various instants during the collision.** 
Let us now have a look at energy conservation. Unlike momentum, 


* In accurate terms before release the interacting system was the stone }-earth+ 
the agency. Removal of the agency holding the stone gives us the isolated system of 
stone+-earth. (Of course, ignoring the rest of ihe Universe !) 

** To be precise, momentum is a vector quantity and, therefore, Equation (1.1) 
would really mean three equations for the three dimensional space, Experiments on 
the linear air-track, being one-dimensional, do not however permit you to verify this 
wider character of Equation (1.1). 
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energy has several forms—kinetic, thermal, potential, etc. If you 
include a// kinds of energy of the given isolated system, then their sum 
remains constant during all stages of the interaction. This is the law of 
conservation of energy. 


If the collision is such that at the end of the collision no energy is 
transferred into forms other than kinetic energy of translation, the 
collision is called an elastic collision, For such collisions the total 
kinetic energy after the collision is equal to the total kinetic energy before 
the collision. In the case of two colliding bodies we may then write: 

Ka'+Kz'=Ka°+Kp° = a 03) 
However, during the collision the sum ĶK4+Ks is not constant. In 
view of Equation (1.3) it will be reasonable to assume that the difference 
of Ka°+Kn° and Ka+Ks during the collision is stored in some other 
form of energy, to be returned to the kinetic form later. You are 
familiar that this stored form of energy is called potential energy of 
the system, denoted by Uas. As parallel to Equation (1.1) you can 
then write: 

Ka+Ke+Uas=constant . (1.4) 
during all stages of an elastic collision. But this relation will not 
hold if the collision results in part of the energy going into forms other 
than potential (e.g., heat or light). The collision is then called ‘inelastic,’ 
Potential energy will be the subject of your study in the next chapter. 
For the present your interest is in Equation (1.3). 


The conservation laws have a crucial role in all physics because without going 
into the details of any interaction they set the general rules which must be followed 
without exception. Thus neither Equation (1.2)* nor Equation (1.4) makes any 
reference to the details of the interaction. Whether the collision is between two 
Planets or two magnets or two protons, these laws will hold true, although the 
interactions are so different in character. 

Universality is the essence of the conservation laws. What is not allowed by the 
conservation laws can never be realised in practice.** That is a negative aspect. 
But the positive aspect is equally significant. What is not forbidden by the conservation 
laws should be possible. As one example, consider a body moving from left to right 
with energy Æ, facing a potential hill of height U. If U is greater than Æ, then classical 
mechanics would say that the body can never be found on the right hand side of the 
hill, because in the region where U>E the kinetic energy (E—U) would become nega- 
tive, i.e., velocity v of the body would become imaginary. But the law of conservation 
of energy makes no reference to these details of the motion. So it does not forbid the 
arrival of the body across the hill; in other words it should, in principle, be -possible 
for the body of energy E to cross over the potential barrier of height U even if U is 
greater than Æ. The quantum theory, which uses the conservation laws (rather than 
the detailed mechanism of the laws of classical mechanics—like Newton’s Laws), does 
predict such occurrences and explains many nuclear phenomena on that tasis, 


* It has three components in the general three dimensional case. } 

** An industrialist once visited one of us with a retired engineer who claimed 
that he could desiga an electrically driven car which would use its own dynamo 
as a source of electrical power. We did not have to open his files and ‘study the 
design sheets to tell him that the proposal was not feasible, 
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Thus the conservation laws are not just deductions from other laws. They are 
more powerful generalisations, which hold true even if the starting laws are later on 
modified or given up. 


.1.4. COLLISION OF TWO BODIES WHEN ONE IS INITIALLY 
AT REST 


Let one of the two colliding bodies, say B, be initially at rest (K9°x=0) 
For that case Equation (1.3) becomes 
Ka'+Ks' = Ka® wat By 
Thus, out of the total energy K°4 (which was initially with body (4), 
an amount Kz’ is transferred to body B in the collision. The fraction of 
energy transfer is thus 
S=Ks'[Ka° szea l1,6) 
` Since energy transfer through collisions is of considerable practical 
importance it will be of interest to see what parameters govern f. Let us 
check by experiment whether f depends on the initial kinetic energy 
Ka°, or onthe colliding masses ma and ms. 


1.5. COLLISION WITH A BODY OF ‘INFINITE’ MASS 


This is of special importance, because there are many cases in which 
one of the interacting bodies is much heavier than the other, Consider 
a magnet Mj on a glider released from a specified distance from another 
magnet Mo which is clamped on the linear track. Because of ‘clamping’ 
the mass of Mo effectively becomes the earth’s mass, thus very much 
larger than that of My. It will be wrong, however, to think that when 
the system gives a momentum p, to M,, there is a violation of the con- 
servation of momentum, Mp, which is fixed to the track and through it 
to the earth, gains momentum po exactly equal to —p,. But the corres- 
ponding velocity of Mo, given by ¥o=po/mp, is too small to be noticeable 
because mp is almost ‘infinite’ compared with m. The same happens in 
the stone-and-earth example of $1.2; as the stone gains downward 
momentum, the earth gains an equal upward momentum all the time 
during the fall, though you just cannot see the earth rising because of 
its large mass. 

The kinetic energy is related with momentum through the relation 
K=p?/2m. Therefore in the aforesaid example the kinetic energies of 
M, and M; are po?/2m, and p:2/2m, respectively. Thus although p,? is 
equal to p,?, we find that Kọ is negligibly small due to large mo. It is 
a bad broker’s game! Equal momenta, quite honestly; but the consequent 


kinetic energies are not at all equal if one of the two bodies is much 
greater in mass than the other. 


1.6. PRELIMINARY EXPERIMENTS ABOUT QUALITY 
AIR-TRACK an 


To be able to appreciate the validity of the conclusions from the experi- 
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ments it will be good to have a preliminary experiment on the quality 
of the air-track. 

Clamp one magnet My at one end and release the glider magnet Mı 
from a distance a from My. Put one sensor at ~ 40 cm distance (the 
interaction from Mo may be taken as negligible there) and another at 
distance of (say) 100 cm from the first. Measure the velocity of Mı at 
the positions of the two sensors. From these values of velocity, using 
the mass of the glider, deduce the loss of kinetic energy per centimetre 
travel. 
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FIGURE, 1-1. Variation of kinetic energy of the glider with distance travelled 
on an air-track for different masses. 


However, you will find that the energy loss over~1 metre travel is so 
small that the meaningful results will be swamped by the scatter of data. 
For this reasons the arrangement shown in the inset of Fig. 1.1 is better 
where another magnet Mọ’ is clamped at the other end in repulsive mode 
with Mı. Release the glider from a position close to one of the end 
magnets; it will make several transists forward and backward (each 
amounting to about 4 metre travel) and you may measure the velocity 
(and hence KE) of the glider at the centre after (say) every 2 transists, 
A graph of KE against the cumulative travel distance gives you an idea 
of the damping rate. Figure 1.1 shows the results of one such experi- 
ment for different masses of the:glider. 
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It may be noted that the damping increases as the glider mass increases. 
With a rider of~8 cm length the upper load fimit is ~ 200 gm. But 
hooking up two riders* of 8 cm each permits the glider mass to go 
up to ~ 400 gm. 

For a single rider with a magnet (mass 135 gm) the kinetic energy loss 
per cm distance is deduced from curve (a) of Fig. 1.1 for different velo- 
citics y. This, in effect, gives the frictional force F vs vy data. which 
leads to coefficient of friction # vsv data (u=Fjmg); Fig. 1.2 shows 
these results.** It will be seen that increases F with v, although one 
cannot speak of direct proportionality. The order of p in the middle 
range of v is ~ 2x 10-4, 
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FIGURE, 1.2. The space rate of joss of kinetic energy of the 


oe glider at different 
velocities (deduced Irom the data of curve (a) in Fig. 1-1.) 


* See Appendix I-A. 5 

** With an aluminium air-track the kinetic energy loss for unit distance, under 
equivalent conditions, comes out to te appreciably larger and increases in direct 
proportion to velocity y. This obviously is because of electromagnetic damping due 
to eddy currents, 
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EXPERIMENT 1-A To study the energy transfer bet- 


ween two gliders in collision. 


The inset in Fig. 1.3 shows a magnet M, clamped at one end of the 


air 


-track and two magnets Mı and M, mounted on gliders. S, and So 


are two sensors for measuring the velocities of the gliders Mı and Me 


res 


pectively. Sensor S, is to be kept far from both Mo and the initial 


position of Mo, similarly S, is to be kept far from the initial rest position 


of 


M». The purpose is that velocity of Mı is to be measured before the 


start of the collision and that of M, after the end of the collision. 
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FIGURE 1.3. Variation of energy transfer to a target (initially at rest) with the 
kinetic energy of the projectile: (a) with mass ratio 1 : 1; (b) for different mass ratios. 


Let M, be initially at rest. Release M, froma given spacing a from 


Mo 


With both the digital counting systems set in mode J aL , the time 


count in S, gives you the velocity of Mı before it collides with Mə. Let 
us call it yy, the corresponding kinetic energy being 4 mvy2=K,°, where 


m 


is mass of the glider with magnet My. Similarly the time count from 


S, gives the corresponding kinetic energy of M, (Kə') after its collision 
with Mj. 

Repeat the measurements with same two gliders but using different 
release distance a, i.e., different initial kinetic energy K0, 

Figure 1.3 (a) shows the results of an experiment, plotting Xo’ against 
K,? for a given pair of gliders. Within the range of scatter the graph is 
a straight line, showing that energy transfer ratio Ky'/K,9=f does not 
change with initial kinetic energy of glider My. ` 

On what factors does f depend? This you will see in the next 
experiment, 
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released, you would note that one goes to the left, the other to the right. 
This experiment is aimed at measuring the momenta of M, and M, at 
different times after release. 

For this purpose set one sensor S, fraction of amm to the left of the 
sensing pin over Mj, and another sensor S, at a variable distance x from 
Mı. Thus with a double counter set in appropriate modes you may measure 
the velocity vı of glider M, and the time ¢ from the instant of release, 
From y, values compute the momenta P: and plot a graph showing p, 
versus t. 

Repeat the same thing for glider M, and obtain a graph showing P: 
versus f. Since both the time measurements are from the instant of release 
the two graphs give Corresponding values of p, and p, at time t. 
Figure 1.5 shows a typical set of results. It may be noted that the sum 
Pi+p.=p remains constant at all times during the collision. (Its value 
is zero because you started with initial total momentum zero.) 


EXPERIMENT 1-D To study the conservation of 


momentum with initial momentum 
non-zero. 


You may now take up the case when initial total momentum P is not zero. 
A simple method is to release the glider Mı with a given momentum Pie 
towards another glider M, which is initially at rest and then to measure 
the momenta of both M, and M, at different times, 

Figure 1.6 (a) (inset) shows the arrangement. Mı may be repeatedly 
released with a given momentum by using a constant spacer of width a 
between it and Mọ. Place one sensor S4 at any fixed Separation x, 
relative to M, and the other sensor Sz at a variable distance x from M, 
in repeated trials. With the double timer counter set in appropriate 
modes, you now measure two quantities: 


(i) The travel time ¢ for M, from S4 to Sp. 

(ii) The velocity v, (and hence momentum Pı) for My at Sz (i.e., at 
time f). 

Thus you get p, vs ¢ data. 

Now place Sz at different distances to the other side of My, keeping 
the position of Sa unchanged. The timer measurements now giye 

(i) the time from the moment Mı passes S4 to 
passes Sz. 

(ii) the velocity v, (and the momentum p,) of M, at Ss (i.e., at time i). 

Since the zero for measurement of time in both cases is the same, the 
data for pı vs t and p, vs ¢ have correspondence, 

Figure 1.6 (a) shows a typical set of results. You find Pı falling and 
Pa rising, the sum remaining constant throughout the collision. It implies 
that rate of change of p, is equal and oppositeto that of P2. This is just 
Newton’s third law of motion. 


the moment Me 
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Momentum (10> gm cm/sec) 
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FIGURE 1.6(2). Plot of momenta of two colliding gliders at different stages of a 
collision, with non-zero initial momentum: when m1>m2; 


In the experiment of Fig. 1.6(a) mass of M, was larger than that of 
Mo. It is interesting to study the collision when M, has larger mass than 
My. Then Mı rebounds after collision with Mz, Typical results are shown 
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FIGURE /1.6(b). Plot of momenta of two colliding gliders at different stages ofa 
collision, with non-zero initial momentum ; when m <mı. 
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in Fig. 1.6(b). Some ingenuity will be needed in getting pı vs £ data for 
the rebound motion. We are sure you will manage it without advice. 
REIATED EXPERIMENT 


EX PERIMENT 1-D(i) 

Repeat Experiment 1-B, computing this time the initial momentum of 
glider M, and final momentum of glider M,. Find the fractional 
momentum transfer /»=p,'/p,° and plot a graph for fp against the mass 
ratio r=m,/m,. Theory shows that 

2 
frit 
Deduce it. Also see if the experimental data agree with it. 

SPECIAL NOTE. Any of the experiments in this chapter may be done with any 
other interaction—like springs, for example. The results obtained would be identical 
showing that they are independent of the nature of interaction. 


APPENDIX I-A 
THE PERSPEX AIR-TRACK 


An air-track made from aluminium tubes has been in pse for about two 
decades. But we soon found that- for magnetic interactions a metallic 
track showed a considerable energy loss due to eddy currents (i.e., 
electromagnetic damping). Hence a perpex air-track was designed and 
made. In what follows we describe the details of this track and the 
accessories used with it. 


1. The Air-track 
A photograph of the air-track and its accessories has been given in 
Fig. 0.1. Figure I-A (1) shows some of the essential details of its 


T ourler 


Base supo | 


y 
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FIGURE I-A (1). (a) A schematic view of the air-track. (6) A cross-section perpendi- 
cular to the track length. (c) The spacing and size of the drilled holes on the two 


slant faces of the track tube, (d) The aluminium rider carrying a magnet and a 
sensing pin. 


construction. From 3 mm thick perspex sheet, two strips ~ 2m X40 mm 
are cut to make the slanting faces and a third sheet ~ 2 mX 57 mm to 
make the base of the tube. Both edges of the siant face sheets are cut to 
45° angie and then the three sheets are sealed together with chloroform. 
Both the end faces are also sealed with perspex sheets, but at one end an 
air-inlet hole is provided for the blower hose to fit in, and at the other 
end a 4 mm diameter tube is fitted in for air-outlet. 
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Three rows of hoies are drilled in each of the slant faces all along the 
length with spacing 15 mm and diameter 0.8 mmeach. That gives a hole 
density of 0.5 per cm’. 

To prevent sagging of the track, the hypotenuse face, kept horizontal, 
is given extra support with a horizontal base 5 mm thick and two 
vertical beams, each 25 mm high and 5 mm thick. The whole system is 
then supported at the two ends on stands, with levelling screws. 


A scale affixed on one of the vertical support strips measures the 
positions of the gliders. 


2. Air Blower 

An electrical air-blower (350 watt) is used to blow air into the track 
tube. It is linked with the tube with a rubber hose to avoid rigid 
mechanical coupling. The blower develops 20 mm mercury pressure 


inside the track tube. This may be measured with a simple manometer 
connected at the outlet end. 


3. The Gliders 

The riders, which float on air-cushion, are simply aluminium sheets 
bent into a right angle to fit over the air-track [Fig. I-A(1d)]. The 
thickness is 2 to 3 mm, each bent edge is 38 mm (~ 2 mm shorter than 
the slant face of the track tube) and the length varies from 50 to 


100 mm. The air pressure and the hole density are sufficient to provide 
working cushion to a mass 200 gm over a 75 mm long rider, 

Magnet holders are fixed at the top of each rider in two possible ways: 
to keep the magnet parallel or perpendicular to the track length. A rider 
with a magnet mounted on its top is hereafter called a glider. 

At the top of the magnet holder one can screw in either a cylindrical 
pin of ~3 mm diameter or a flat strip of width 5to 10 mm. This is the 
interrupter of light for the sensing device. 

Extra loads of a non-magnetic material (like brass) can be added to 
the glider when the effect of mass change is to be studied, For this 
purpose one either uses flat discs with holes so that they fit in the pin 
at the top, or brass pieces slotted to fit over the magnet itself. A notable 
point in this design is that such load addition should not lift or lower 
the centre of mass relative to the magnet axis. 


4, The Spacers 

In order to set two gliders at a reproducible fixed separation, a set 
of spacers of various lengths is provided. They are just like the riders 
without the mounts. The two ends of each spacer (as also of the riders) 


are ground accurately perpendicular to their lengths to make them 
function reproducibly. 


5, Clamping the Gliders and Hooking-up of Two Gitders 
if desired, a glider may be clamped in position on the track by meats 
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of a bracket and screws as shown in Fig. I-A(2a). Only light pressure 
should be used on the screws to avoid damage to the air-track. 


THE GLIDER 


THE TRACK 


THE ORACKET 


@) 4 ©) 


FIGURE I-A (2). (a) Clamping a glider at a given position on the air-track. 
(b) Hooking-up of two gliders. 


For some experiments two gliders have to be hooked up so as to move 
as one unit, This is done by using a thin strip with several holes 4 mm 
diameter [Fig 1-A(2b)j. An important point is that pins at the top of the 
gliders (~3 mm dia.) shouid fit /oose/y in the holes to leave freedom to 
each rider to adjust on the air-cushion. 


6. The Mounting for Sensors 

For mounting the sensors, a 2 metre long rod is provided parallel to 
the track. When the sensor is mounted the chambers containing the 
light source and the photo-transistor (see Fig. 0.2) are on two sides of 
the track line and the narrow beam of light is interrupted when a glider 
with a mounted pin passes between the chambers. The mounting 
permits the rod to be raised or lowered; also the sensors can be 
adjusted in position perpendicular to the track to ensure clear passage 
for the pin on the glider. 


7, The Mounting of Side Magnets 

For some experiments two magnets are to be mounted symmetrically 
on two horizontal sides of the air-track, A U-shaped mount is provided 
for this purpose with fiexibility to adjust the heights and the spacing 
between the two arms. Care must be taken that the two magnets used 
are as nearly identical as possible and are mounted symmetrically and 
at the same height as the glider magnet. This is to avoid wobbling of the 
glider and consequent loss of energy. The magnets may be mounted 
parallel or perpendicular to the track. 

In a related arrangement one of the two side magnets is not fixed on 
the mount but is held on a taught vertical metal strip, whose clamp length 
can be altered. This magnet can therefore make angular oscillations with 
a variable frequency (see Chapter 5 for details). 


APPENDIX I-B 


THE DIGITAL TIMER COUNTER 


We have developed and fabricated two types of versatile units for time 
interval measurements to an accuracy of 10 microseconds. 

(a) The Digital Timer Counter. This is capable of time interval 
measurements in three modes | AL, JA JA and JA JB to measure the 
pulse-width, pulse period and interval between pulses from different 
sensors respectively. 

(b) The Digital Timer—Two Channel. This has two independent 
channels for time interval measurement in the three modes mentioned 
above. A common oscillator is used for both the channels to minimise 
relative errors. 

The first of these instruments has also a provision for being operated 
as a 4-digit decade counter for both positive and negative pulses and 
also as a frequency counter. 

The instruments utilise indigenously avaiiable transistor-transistor 
logic (TTL) integrated circuits to achieve the desired Operations. A 
photograph of the front panel of the two channel timer is Town in 
Fig. 0.3. 


1. Principle of an Electronic Digital Timer 

A block diagram illustrating the basic principles of the electronic 
digital timer is given in Fig. 1-B(1). The essential features are the 
following. 

(i) A crystal controlled oscillator. It gives pulses at a precise frequ- 
ency 100 000+ 20 per second. 

(ii) A frequency divider. It reduces the frequency of the counted 
pulses by steps of 10 at each scaling stage, but maintains the precision 
of the basic oscillator. 

(iii) The gate. It decides when the counting is to start and when 
it is to stop. It is controlled by the logic circuits (see below). 

(iv) The counter, It displays the number of counts for the time 
decided by the gate and in time-units decided by the frequency divider 

(v) The sensing device. It converts a mechanical event into an aici 
cal pulse to be fed to the logic circuit. We use a pencil of light and a 
phototransistor as the transducer, 

(vi) The logic system, It receives the electrical pulses from various 
sensing devices and decides which of these signals are to open or close 
the gate for counting of the oscillator pulses. In our counters the gate 
responds to signals from the transducer (the sensing device) in three 
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distinct ways: JAL , la Ja and Ja JB. The significance of these 
symbols is shown at the bottom of Fig. I-B (1). 
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FIGURE I-B (1) Block diagram of an electronic digital timer and the 
permitted modes. 

Broad details of the circuit are shown in Fig. 1-B (2). At top left is 
the crystal controlled oscillator 4. The oscillations are converted into 
discrete events by the Schmitt trigger IC 7413 indicated as B,, This basic 
count in time (10 # sec) is then converted by decade counting units 
IC 7490 in steps of 10. This is called scaling. Thé units of the scaler are 
shown as P, Q, R, S and T and output pulses at these occur at frequency 
10 KHz, | KHz, 100 Hz and 10 Hz and | Hz respectively. The time unit 
band-switch selects the desired frequency of the pulses to be fed to the 
counter through the ‘gate’. 

The mechanical events between which time is to be measured are 
converted into electrical pulses. In Fig. I-B (2) the input pulses from 
channels |A and JB are shown at the bottom left. After passing 
through an over-voltage protection circuit these pulses of about 5 volt 
height pass through comparators 741 (marked as C4 and Cs) and the 
trigger level of the comparators can be adjusted between 0 and -+5 volt 
The Schmitt triggers 7413 then gives the appropriate discrete shapes to 
the pulses compatible with the logic system and capable of driving the 
succeeding circuitry. 
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The logic system now comprises the three Nand gates 7410 (shown as 
Hı, H., Hz) and three flip-flops 7473 (shown as G, Fy, F.). The 
working of the logic system needs an understanding of their ‘Truth 
tables’ (see later). The function band switch decides whether the logic 
will operate the final gate H3 in mode Jī Lor JI Ja ot Ja lpr 
The start pulse and stop puise [right end of Fig. I-B (2)] ultimately 
govern the scaler count. A ‘reset’ pulse can: be sent to the counter by a 
manual press-button to get 0000 reading. 


2. Details of the Different Components 

(i) Crystal controlled oscillator. The 100 KHz crystal controlled 
oscillator is designed by using an operational amplifier pA 709C as an 
active device. A fixed threshold Schmitt trigger IC 7413 is used to 
convert the oscillation into discrete events. Thus the basic least count in 
time is 10# sec. The circuit diagram is given in Fig. I-B (3); the 4 and B, 
here correspond to those in Fig. 1-B (2). 


22K 


FIGURE I-B (3) The crystal controlled 100 KHz oscillator with the Schmitt trigger. 


(ii) Decade counting units. The pulses which occur at the rate of 
100,000 per second are connected to a series of decade counting units. 
Each decade unit consists of a decade counter IC 7490, a BCD decimal 
decoder and driver 74141 and an indicating tube MF 31 D. As the 
circuitry is standard the detailed description is not given. 

(it) The photo-sensor and transducer. A narrow beam of light from 
a low power 6V 150 mA bulb is made to fall on a phototransistor MT2 
Placed at a distance of about 5 cm. The bulb-and the transistor are 
enclosed in two light-tight cases and one hole in each decides the path 
of the beam of light. Figure 0.4 shows the geometry and Fig. I-B (4) the 
basic circuit of the transducer. The base emitter junction of MT2 is 
illuminated by the lamp. The resulting photocurrent. is injected into 
the. base of BC 748A and takes the transistor into saturation and the 
collector voltage to 0.2 approximately. 

An obstruction in the light beam falling on the phototransistor reduces 


20 MECHANICAL SYSTBMS 


the photocurrent to less than a microampere, which is insufficient to 
maintain the transistor BC 148A in conduction, so that the collector 
voltage increases to almost 5 volt. Thus a positive pulse occurs when 


vec 
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FIGURE 1-B (4). Basic circuit for the phototransistor. The diode 
decouples the outputs of the sensors. 


the light beam is obstructed. The collector voltage falls again to low 
value (about 0.2 volt) when the obstruction is cleared. Thus the output 
voltage at the collector is a pulse of about 5 volt height, which is 
compatible with TTL (Transistor-transistor logic) as we shall see. A 
diode is connected in series with the output to decouple the output of 
the sensor. 


A five pin DIN connector is used between the timer and the sensor to 
provide the power to both the lamp and photo-transistors, as well as to 
carry the transducer pulse to the timer. 


A separate phototransistor is used for each of the inputs A and B of the 
Digital Timer Counter and for each of the inputs 4, B, C, and D of the 
Digita! Timer-Double Channel. i 


(iv) The input circuit. The signals at inputs 4 and B (from the trans- 
ducers) may be coming at widely different voltage levels and impedances. 
In order to minimise the loading of the signal by the input circuit as well 
as to make them TTL compatible, an operational amplifier #A 741C is 
used as a comparator with each of the inputs. The trigger level of the 
comparator [see Fig. I-B(2)] can be adjusted between 50 mV and 5V so 
as to make the circuit insensitive to noise and other spurious signals. 

An overvoltage protection circuit, formed by connecting two 3.9 volt 
Zener diodes back to back, is also included at each input to protect the 
circuit from damage by signals as high as 300 V amplitude. 

The input impedance at each of the inputs is higher than 500 KQ. 

©) The Transistor-transistor logic (TTL) systems. The logic circuit is 
what decides when the electronic gate is open or closed for counting. 
This is achieved by a combination of two digital integrated circuits called 
‘gate’ and ‘flip flop,’ which we proceed to explain. 
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3. The Nand Gate and JK Flip Flop 

Ina digital system there are only two levels and they are indicated 
variously as HIGH and LOW, 1 and0, ON and OFF etc. Also the 
transition from one level to the other is written as 1-0, HIGH-LOW, 
ON-OFF, indicating the transition from the first mentioned level to the 
second mentioned level. We will use the 1 and 0 notation. 


The output level of the gate, or for that matter of any circuit, for 
various inputs is usually specified in a tabular form and given the name 
‘Truth Table.’ 


Nand Gate. An electronic gate when OPEN allows electrical signals to 
pass through it; when CLOSED, it stops signals from passing through it. 
A three input triple NAND gate 7410 is used in our timer circuit 
[Fig. I-B (2) right]. The ‘Truth Table’ for it is as given below: 


TRUTH TABLE FOR NAND GATE 7410 


mT 


Input Output 
A B c 
One or more inputs 0 1 
All inputs 1 0 


Thus if one or more inputs are at 0 the output is at 1; only when all the 
three inputs become 1 does the output become 0. Ina TTL system an 
unconnected input is always at 1. 

JK flip flop. A flip flop is a bistable switch, having two distinguishable 
stable states and can be switched from one state to the other. The two 
outputs are denoted usually by Q and Q. 

At any time @ is always the opposite of Q. That is, if Q is at 1, Q will 
be at 0 and vice versa. The state depends on the input signals the unit 
has received. 


A ‘reset’ pulse takes the flip flop to a definite pre-determined state, 
which in our case is Q at 0 and Q at 1. Now an input pulse to the flip 
flop will take Q to 1 and @ to 0; the next pulse will take Q to 0 and Q 
to 1, and so on, Thus the Q or @ points will be alternately at 1 and 0. 

Now, to control the switching two inputs J and K are provided in this 
fiip flop besides the signal input. The truth table for the JK flip flop is 
given below, where fn and fps; represent the stages at n'* and n+l 
input pulse respectively. 


sur? 
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TRUTH TABLE FoR JK FLIP FLop 


Input, tn Output, tn 1 


T K Q 


Same as Q at in 

0 

1 

Same as Q at tn 

I aaaeeeaa 
Thus when both J and K inputs are at 0 the state of Q at fanu stage is 
the same as at fn stage, meaning thereby that the Q and “@ inputs do not 
change their state when an input signal is received if both J and K are 
at 0. On the other hand if both J and K are at 1 (or unconnected) then 
Q at tn;1 is the same as Q at fn, that is the levels of O and @ will change 
at each input pulse. This performance is like that of an ordinary flip flop. 

1f J=0 and K=1 then the transition 0—1 at Q is prevented but transi- 

tion 1—0 at Q is allowed. The reverse holds if J=1 and K=0. A reset pulse, 


as stated earlier, over-rides all other information and take Q at 0 and ren 
at 1. The important thing to remember is that J at 0 Prevents 1-0 at ©. 


: Q 
The flip flop is reset by a 0 level signal at reset input. 


0 
0 
1 
1 


=. oro 


4. The TTL Logic System and Timing Functions 

With this background information we can now proceed with the circuit 
description and performance of the TTL system for the different 
functions JA L, JA Ja andla JB. 

In Fig. I-B(2) the non-inverting inputs of both comparators C4 and 
Cz are shown connected to a positive reference voltage source; the out- 
puts of both of them are therefore HIGH or 1 in the absence of any 
signal. Whenever a signal more than the reference voltage is received 
at the inverting input of the comparator, the output makes a transition 
from HIGH to LOW; it goes back to HIGH when the signal amplitude 
drops below the rèference voltage. The comparator output current is 
marginally sufficient to drive the subsequent logic circuits. 

The triple input NAND gate integrated circuit 7410 is used as an 
electronic gate and indicated by H, in Fig. I-B(2) (right middle). The 
gate opening and closing is controlled by two flip flops (FIF 7473)—— 
one to start the count and the other to stop it. They are indicated by 
Fı and Fz with Or; (Q output of flip flop Fy) and QF2(@ output of 
flip flop F2) connected to two of the inputs of Nand gate H3. The re- 
maining input of 4g is connected to the output of the time unit. When 
the flip flops are reset “Q r; is 0 and Q Fs is 1 and the gate is closed. The 
Qof each of the flip flops F, and F3 is connected to the respective K in- 
put to lock the flip flops. Also Qr, is connected to J input of F to diş- 
able F, until Fy is triggered, 


timing 
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The timer units are capable of operation in three modes, which we now 
proceed to explain, 

(i) Mode J4 L. In this mode the timer gate is opened by the signal at 
input 4 (when the voltage exceeds a predetermined level) and will remain 
open until the input voltage drops below the set level. Thus the width 
of the pulse is measured. 


When the Time Function band switch is set to mode JAL, the output 
of Schmitt trigger D [Fig. I-B (2)] is connected to the C input of Fy, 
while the C input of F, receives the pulse from Dı through an inverter 
H. A positive going pulse to input A (if it exceeds the trigger level of 
comparator C4) will make 1-0 transition at output of Dy. At this transi- 
tion the flip flop Fy is triggered making “QF; at 1, thus opening the gate. 
The clock pulses are now counted by the decade scaler. The inverting 
gate Hı at the C input of Fy causes F, to trigger on the 0-1 transition 
of the D output. The resulting 0 at Q r2closes the gate Hg and the count- 
ing stops. The counting interval in this case is precisely the time in which 
Dj output is at 0. This interval is also precisely the time for which the 
input signal at A is above the trigger level of the comparator Cu. There- 
after as the Q outputs of both F, and F, are at O and are also connected 
to the respective K inputs, a 1-0 transition at Q is prevented for both 
F, and F, and any signal received later at input A will be unable to open 
the gate H3. 

It may also be noted that the start and stop flip flops cannot be 
triggered in the wrong order because of the connection Qr; to Jro. The 
flip flop have to be reset for making further measurements. 

(ii) Mode J4 J4. In this mode the gate is opened bya positive 
signal at the input A when it exceeds the predetermined level. The gate 
remains open until another positive going voltage signal crossing the 
same level appears again. In this mode the pulse period is measured. 

When the Time Function band switch is set on mode JA JM the 
output of D; is fed to C input of flip flop G. The © output is connected 
to C input of F, and through an inverter H, to the C input of F.. The 
Jand K inputs of flip flop G are unconnected and are thus at 1. Thus 
the 7C G acts like a normal flip flop and Q output changes state at every 
input pulse. The flip flops are reset and Qc is at 1. A 1—0 transition at 
the D, output triggers flip flop G, inducing at 1-0 transition at Gc. The 
Qr, becomes | and the gate H3 is opened. A 0-1 transition at Dı output 
does not change the state of Qc as the flip flops are triggered only by 
the 1-0 transition; thus the gate is still open. Another input pulse 
which induces 1-0 transition at the Dı output will trigger the flip flop G, 
inducing a 0-1 transition at Qa. This appears as 1-0 transition at C 
input of F taking “Gre at 0 and the gate Hg is closed. Thus the gate H3 
.is open for time equal to the pulse period. The flip flops have to be reset 
for further measurements. 


For the measurement of period T for an oscillating system one needs 
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to measure the time interval from one passage in a particular direction 
to the next passage in the same. direction, thus skipping the reverse 
passage. A switch changes the |4 JA mode to this mode. Of course, 
in using the timer in JAL or J” JB mode this switch should be 
kept at ‘off’ position. - 

(iii) Mode JA 1B. In this mode the gate is opened byan input 
signal at A, but is then totally inhibited for responding to further signals 
at input A. The gate is now closed only by-a-signal at another input B. 
Thus the time interval between signals at inputs 4 and B is measured. 

When the Time Function band switch is set for this mode the function 
becomes the following. An input pulse at 4 which induces 1-0 transition 
at D, output triggers the flip flop Fy, opening the gate at Hy. The gate 
Hz is now closed only by a 1-0 transition at the output of D, which 
triggers the flip flop F,. Of course the pulse at both inputs 4 and B must 
be positive going and of amplitude higher than the trigger levels of 
respective comparators. 

(iv) The reset. A ‘0’ level signal is needed at reset input of the flip 
flops to reset them. In the timer two methods are used to reset the flip 
flops. In the manual mode a push button will have to be pressed for 
resetting. This may be an inconvenient operation in some circumstances. 
A provision is therefore made for automatic resetting of the flip flops. 
In this case the Ọrz is connected to the reset input of flip flops. The 
connecting wire is approximately 50 cm in length, thus providing a delay 
of a few nano-seconds. This is needed to insure that the Teset signal is 
received after the gate has been closed. In this case the manual resetting 
is not needed. However, if the events are occurring at a rapid rate 
(frequency of, say, more than 1 Hz.), when time margin for reading the 
counter is insufficient, it is best to operate in the manual mode. 


5. The Digital Timer—Two Channel 


In this device another set of inputs marked C and D is provided in 
addition to the A and B described above. Thus one can operate this 
timer for the measurement of two time intervals simultaneously. As an 
example if JAL and JA JB measurements are simultaneously 
needed, one may use the A input for JAL measurements and connect- 
ing A and B to C and D respectively one may use the. Jc JD mode 
of the second counter to get JA |B. OF course the C and D inputs 
could be used quite independently of 4 and B also. Signals of the same 
crystal controlled oscillator are used for both the systems, so that 
relative errors may not arise. 


6. Additional Features of the Digital Timer Counter 

The digital timer counter (with inputs A and B alone) has been 
provided with the following other features (to increase its versatility) 
which are not provided with the Two Channel Device, 


THE DIGITAL TIMBR COUNTER 25 


(i) Scaler input: , Decade counting. The unit is capable of taking a 
scaler input and operate as a 4-digit decade counter. In this mode it can 
take both positive and negative signals. This signal input is DC coupled. 
The frequency range is DC to 10 MHz. 

The main features are shown in Fig. I-B (5), which is to be seen with 
Fig. I-B (2). The input signal is fed to a source follower made by using 


FET 
emitter 
follower 


LeveL 
SALER 


FIGURE I-B (5) Circuit for scaler input decade counting. 


field effect transistors (FET) providing an input impedance higher than 
1 Megohm. The signal is then fed to a fast comparator realised by using 
IC pA 710C. The comparator reference level is adjustable from 0 to +5 
volt, depending on the input signal polarity which is selected by a band 
switch. The comparator output is connected to Schmitt trigger B, and 
then to the decade counter through a switch. 

(ii) Gate input: Frequency counter. In this mode the Digital-timer 
Counter may be used as a frequency counter. The function selector 
switch is set to the position marked ‘Gate’ and the signal is fed at the 
scaler input point. Thus one of the inputs of gate 4, receives the input 
signal. The gate opening and closing is again controlled by flip flops 
Fy, and Fy. 

The circuit inter-connections are as a in mode JA JA and the 
pulse is received from the 100 KHz oscillator or other decade divisions 
of it. Thus if the time unit switch is set at 1 second, the gate"-H is open 
precisely for 1 second and the counter reading is the frequency of the 
input signal. For signals having higher frequencies the gate time may be 
chosen appropriately. 


7. The Power Supplies 

The +5 volt supply needed for the digital integrated circuits, lamps 
and reference voltage for the comparators is obtained from a three 
terminal 5V 1 amp integrated circuit voltage regulator #A 7805. The 
other power supplies are Zener regulated. The +200 volt supply for the 
indicator tubes MF 31 D is unregulated, 
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8. Operating the Timer . 

Figure 0.2 shows a photograph of the front panel of a Digital Timer- 
Two Channel. We will first explain how one of the channels may be used. 

Switch on the unit. The decade counter will show some number. 
Press the push button marked ‘scaler reset.’ The decade counter will now 
read 0000. 

Set the function band switch to mode | AL and the time unit band 
switch to 1 sec. Then the decade counter will receive signals at the rate 
of one per second as long as the gate is open. Set the timer reset switch 
to AUTO position and the TRIG LEVEL potentiometer for A input 
approximately at its mid range. Press the button marked MANUAL 4 
for about 10 seconds. The decade counter will start registering counts 
and will indicate 0010 if the button is kept pressed for 10 seconds, If the 
timer unit band switch is set at 0.01 second, the counter will indicate 
1000 if the manual signal is pressed for precisely 10 seconds. (An error 
of +1 in the count may occur.) 

Now connect the photosensor unit to the timer by inserting the DIN 
connector to the socket marked as photosensor for input 4. The lamp 
in the photosensor would light up. Reset the scaler to make the counter 
read 0000. Now obstruct the light falling on the phototransistor for a 
known duration, say 5 seconds. The scaler will indicate 0005 or 0500 
according as the time unit band switch is at 1 sec or 0.01 sec. 

If on obstructing the light signal the scaler does not respond, it means 
that the gate is not opened, i.e,,the photosensor signal is not able to change 
the state of the input comparator. This may be either because of the 
misalignment of the lamp and phototransistor or because the reference 
level of the comparator is very low (almost 0 volt) or very high (almost 
5 volt). Thus it is advisable to keep the trigger level nearly at the mid 
position, The output of the photosensor can be monitored by connecting a 
voltmeter of 5 volt or higher range to the terminals marked E/ signal. 
When the phototransistor is illuminated the voltmeter should read less 
than 1 volt and when the light beam is obstructed it should read more 
than 4 volt, The photosensor outputs at the other input B (orat B, C, D 
in a double timer) can also be checked in a similar way. 

It must be remembered that the scalar must be reset before the start of 
any measurement. 

The timer operation in mode | 4 JA and mode |W JB may also 
be checked in a similar way by either using manual signals or photosensor 
signals. 

If the timer reset switch is in MANUAL position, after one event 
counting the timer is insensitive to any more signals. The push button 
above the MANUAL position has to be pressed to reset the timer and 
then it is ready to accept the input pulses, 
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THE STUDY OF 
POTENTIAL ENERGY DIAGRAMS 


2.1. MECHANICS AND NEWTON’S LAWS OF MOTION 


According to Newtonian mechanics if we know the present positions 
and velocities of all particles and their interactions (i.e., mutual forces), 
we can deduce (or predict) the positions and velocities of all these 
particles at any later time. In the twentieth century, however, we have 
discovered that at atomic and sub-atomic levels we cannot apply 
Newton’s Laws for telling us the course of events. A new mechanics— 
called quantam mechanics—has grown. But when applied to macroscopic 
bodies quantum mechanics gives results in such close approximation to 
Newtonian mechanics that for most purposes we use Newton’s Laws to 
determine the motion of bodies. 

Two different procedures are generally used in applying Newton’s 
Laws to study the motion of a body. The choice depends on whether the 
force F is function of time ¢ or of the position x of the body.* In the 
first procedure, Newton's second law is directly used in the form 


my s (2:1) 


where 71 is mass of the body and v its velocity at time t. Twe stages of 
integration lead to 


t 
F 
v= w+ |= dt 
0 


ia 


ant ¥ = niht MEZ ar 


00 
where vp and Xp are the initial velocity and position of the body (at r=0). 
The second procedure is useful when the force F acting on a body is 
entirely position-dependent. Use of the identity 
dy _dv dx J dy 
dt dx dt dx 
gives Equation (2.1) the form 
my dv=F dx 


* For convenience we limit discussion to one-dimensional motion. 
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If F is a function of space coordinate x alone, we can integrate this 
to get 
x 
3 mv?--4 moè =fr dx sa sD) 
0 
The left-hand side represents the increase in kinetic energy of the 
body under study (AK) and the right-hand side the work done on the 
body (W) by other interacting bodies. So we may put 
x 
ak=w=|F dx aar A208) 
0 £ 
Now, the body under study and the interacting bodies may be taken 
together to form what is called an ‘isolated system.’ We may then say 
that one part of the system (the body under study) is gaining kinetic 
x 
energy AK through work f Fdx done by the rest of the system on this 
0 
body. An alternative view, to satisfy conservation of energy, is to define 
a quantity—called potential energy U of the system—such that 


AK+AU=0 «(2 4) 
Comparison of Equations (2.3) and (2.4) leads to 
x 
AU=—AK =-fr Ae AS) 
0 
The first part AU=— AK provides the experimental approach for 
x 
measuring AU; the second part AU=— [Fax provides the relation of 
0 


U with force. 


You may note that if more than one component of the isolated system is free to 
move, AK in these equations must be replaced by ZA Ki, where the summation covers 
all the components whose K is changing. Equation (1.4) in Chapter 1 does refer to 
two bodies A and B of an isolated system, both being free to move. 

You may also see that describing the interaction of the body with the rest of the 
system in terms of F(x) or U(x) are equivalent, because one can be deduced from 
the other. In the general three-dimensional case it is more convenient to deal with U, 
because it is a scalar quantity. If systems A, B; B, C and C, A separately have 
potential energies U48, Use and UCA respectively (for the specified configuration), 
then the potential energy of the system 4, B, C will just be equal to the algebraic sum 
Uap+Usct+Uc4. Now, if you desire to know the force on (say) A, its three 
components are given by 


divest 226) 


where x, y, z are the coordinates of A. 
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Equation (2.4) leads to 
K+U=constant=E 
where E is called ‘total energy' of the system. Writing K=} m»? then 
gives us 
4 m’?=E—U EREIN 
This is the basic equation in the second procedure to study the motion 
of a body, just as Equation (2.1) isin the first procedure. Rearranging 


Equation (2.7) gives N 
[È ewy ut” 
F m 


Since v=dx/dt, this leads to 
_[2(E—0) if 
dx= [ Fi dt 


Since U is a function of x, we need a transposition; and then integration 
gives 


x 
m 
= [ze] dx 28) 
This equation describes the motion of the body. 

In elementary mechanics the first procedure is more popular ‘because 
it uses Newton’s Law, i.e., Equation (2.4), directly and deals with an 
individual body. In contrast, the second procedure uses the energy 
conservation law—a deduction from Newton’s law—and deals with an 
isolated system of bodies as a whole. In most situations in advanced 
mechanics we deal with position-dependent forces and it is more 
convenient to deal with the system as a whole rather than with individual 
members of-the system. For a general situation Equation (2.7) takes the 
form 

IZK; =E—U sas (2.9) 
where i refers to the individual members of the isolated system, but E 
and U still pertain to the system as a whole. In quantum mechanics an 
equation corresponding to Equation (2.9) is the basis from which all the 
analysis proceeds, 

For these reasons the study of potential energy diagram—i.e., U vs x 
diagram in the one-dimensional case—is of great significance. It 
describes the interaction adequately and enables us to analyse the motion 
of bodies fully. 


2.2. THE MEASUREMENT OF POTENTIAL ENERGY 


As stated earlier, the first.part of Equation (2.5), i.e., 

AU=—AK 
is the basis of measurement of potential energy. You measure the kinetic 
energy of the moving member of the isolated system (the glider in your 
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experiments) at two positions 1 and 2 and hence deduce the differences of 
potential energy: 

U—U1=— (Kə—K1ı) <a (2310). 
Since only differences of U are measurable (and differences alone have 
meaning), the reference state for U=0 may be chosen anywhere accord- 
ing to convenience. We will take up this matter with the related experi- 
ments later, 

With the reference state chosen, U comes out as a function of position 
coordinate x of the glider. A graphical plot of U vs x is called the 
potential energy diagram of the system. 

In a typical experiment you wili determine the U values for various 
positions x of a glider magnet Mj relative to another magnet Mo, which 
is clamped. The clamped magnet is often called the field magnet. The 
idea is that Mọ creates a ‘field’ (here magnetic field) around itself, and 
Mı experiences a force in that field. In view of this, one often calls U the 
“PE of magnet M3 in the field of magnet Mọ.” But, as you will see by 
experiment, U comes out to be the same for a given separation x of the 
two magnets, irrespective of whether Mı alone is free, or Mọ alone is 
free or both Mı and M, are free. Therefore, it is more appropriate to 
call U the “PE of the system My+M3.” 

For elastic PE a special situation needs mention. Consider a steel ball P of KE K 
striking a normal spring. As the spring is compressed from state 0 to state 1 the KE 
of the ball falls to K1. We now write as usual: 

AU=U4—Uo=—(K1—Ko) 
The PE value U will be said to belong to the system “‘spring + ball P.” But with the 
spring in state 1, you may replace the ball P by any other ball Q; when the spring 


reverts to state 0, it will give Q the same energy as it would have given to P. You will 
therefore be justified in calling U the PE of the spring without reference to the ball.* 


No anomaly is really involved. In a spring case the ‘system’ really means different 
parts of the spring itself, the relative separation of which changes in compression or 
stretching. The ball, if made of steel, suffers negligible compression and hence does not 
share elastic PE. 


EXPERIMENT 2-A To study the potential energy curve 
due to magnet-magnet inter-action. 


On the air-track two gliders may be mounted in either (i) repulsive 
mode, or (i) attractive mode. We shall describe the experiment for the 
repulsive mode only. 

Clamp one glider My at one end of the track (inset Fig. 2.1) and 
mount another glider My in repulsive mode with respect to My. Using 
spacers, release Mı from different distances x from Mọ (see inset Fig. 2.1) 
and measure its kinetic energy K at a fixed position S. For this 


* The logic holds true if the ball is incompressible. If the ball is compressible, the 
potential energy cannot be exclusively attributed to the spring. 
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purpose, mount a sensor at S and connect it to the timer counter set in 
mode JAL so that the time interval in it raeasures the velocity v of M, 
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FIGURE 2.1 Variation of potential energy with separation for a 
system of two coaxial bar magnets. 


as it crosses.S. If m is the mass of glider Mi, you get kinetic energy as 
1/2 my?=K,, Then 


U;—Ur=—(K;—0)=—K, 
Uz=U, +K, 
If S is far from the region ofinteraction of M, and Mıit is a con- 


venient point for the zero (reference) level for U. You may therefore 
take U.=0 to get 


or 


Uz=K; a: wel 2506) 
Thus you get Uz versus x data, from which a graph may be plotted. 
Figure 2.1 shows the typical results. 


RELATED EXPERIMENTS 


EX PERIMENT 2-A(i) 


Interchange the magnets My and Mı and repeat the Experiment 2-A. 
Check if Uz vs x curve comes out the same. The identity goes to em- 
phasise that what you measure is the potential energy of the system. 
It does not matter which magnet is clamped and which is on the glider. 
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EX PERIMENT 2-A(ii) 

Load the glider Mı with an extra brass load (you may mount the 
brass load on another glider and hook it up with the glider Mı). Repeat 
the Experiment 2-A. Due to larger glider mass now the velocity values 
will be smaller than before. Check if Uz vs x curve comes out the same 
as before. 

Figure 2.1 shows that the observation points for four different glider 
masses fall on a single curve. This would go to show that the measured 
U is essentially due to magnetic interaction of the magnets loaded on the 
gliders. One may, in fact, call it magnetic potential energy. 


EX PERIMENT 2-4 (iii) 

Hold the two gliders with magnets Mo and Mı in repulsive mode at 
separation x and release them simultaneously. Measure their kinetic 
energies Ky and Kı by using two sensors placed far from their release 
positions. Kọ+Kı gives the potential energy U of the M,)+M, system 
corresponding to separation x. 

Figure 2.2 shows the results of two such experiments, in one of which 
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FIGURE 2.2, The potential energy curve for the system of Fig. 2.1 


deduced by an alternative procedure, 
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an extra brass load was added on one of the gliders. Notice that 
although Kg vs x and K, vs x curves are different, the U vs x points fall on 
a common curve. Check, if the latter is the same as the curve of 


Experiment 2-A. 
EX PERIMENT 2-A(iv) 

Clamp a third magnet Mo’ at the other end of the track (Fig. 2.3) to 
fire Mı towards Mg. Measure the velocity (hence kinetic energy) of Mi 
at a position So in interaction-free region (i.e.,far from both Mo and Mo) 


Clamped 1 $0 Clampea 
o ' i a 
-<e----4---------b- -- | ~~ -- 
e---x---4 i =a 
I 1 
Fixed 
position 


FIGURE 2.3. An alternative arrangement for obtaining the PE diagram. 


and at a near distance x from Mo. If these values are Kg and Kz respec- 


tively, we get Uz— Uo (Kz— Ky) =Ko— K: 
As before Up may be taken as zero (reference level for U), so that 
Uz=Ko— Kz 


Thus by varying x, the Us versus x data are again obtained to get the 


potential energy curve. See if the PE graph is the same as in 
Experiment 2-A. 


Force ,F (10°dyne) 
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FIGURE 2.4. Force vs. distance between 
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EXERCISE 2-A(i) 

From the experimental U(x) vs x graph deduce —dU/dx values at 
different values of x. Since —dU/dx gives the force F(x), plot a graph 
between F(x) and x. Figure 2.4 shows the graph for force corresponding 
to the PE curve of Fig. 2.1. 


In atomic and nuclear physics potential energy curves are not studied this way. We 
cannot release a projectile (say, an « particle) from a known:distance from the nucleus 
and measure its KE outside. Nor can we measure the KE of a projectile ata given 
position near the nucleus. The process used is the following: (i) start with a model, 
(ii) assume an appropriate law of interaction, (iii) deduce the shape of the potential,, 
(iv) find how this potential is expected to behave with a projectile fired from outside 
and (v) see experimentally how far the expectations come true. 

As one example, Rutherford took the model of an atom as charge Ze limited to 
a sphere of radius r and charge — Ze distributed in some way outside this. He assumed 
the inverse square law to be valid up to distances as small as ~107'* cm, He deduced 
that for interaction with an « particle the maximum potential energy U would be 
2 Ze*/r. His expectation was that if « particles of kinetic energy Ko are fired, some of 
them would suffer large angle scattering (up to 180°) if and only if 

2Ze* 


——>K 
F 0 


Now, firing « particles from polonium on very thin gold foils he observed large angle 
scattering. Putting the constants (Z, e) and Ko in the above relation he deduced that 
r<4x10722 cm i 
That was the experimental discovery of the nuclear structure of the atom. (It is to be 
noted that by a detailed study of scattering at different angles, Rutherford established 
that the inverse square law is valid up to such low r values). 


EXPERIMENT 2-B To study the gravitational potential 
energy. 


This is a rather trivial exercise, because you are so familiar with the 
fact that in earth’s gravitational field the potential energy of a body and 
earth system changes with height in accordance with 

AU=mgAh 
for heights < earth's radius. But it is good to go through it, if only as a 
prelude to the next experiment. 

Incline the track to the horizontal (inset Fig. 2.5) by raising one of its 
ends by a measured height H.* Now, release a glider** from a certain 
position A, and measure its velocity (hence kinetic energy K) at different 
distances x from A. U measured relative to position A, is given by —K. 
Thus the data give you U vs x curve with Ua=0. 


° Magnetic interaction energies for these magnets are ~105 erg. Since m~10* gm 
and g~103 cm/sec, you wil} note that H of the order of 1 cm or so should be large 
enough. 

°° One could use a brass rod or any solid in this experiment. However, to be able 
to use the data in the next experiment it is convenient to use a magnet itself here. 
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Figure 2.5 shows the results for two different slope of the air-track. 
Notice that both the graphs are straight lines. What quantity would the 


slope represent? How are the two slopes of the curves related with the 
slopes of the track? 
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FIGURE 2.5, Variation of gravitational potential energy with distance along 
the air-track, 


EXERCISE 2-B(i) 


From the data of the two curves in Fig. 2.5, deduce the value of g. 
(Do not feel unhappy if the precision is not good.) 


EXERCISE 2-B(ii) 


From curve (a) in Fig. 2.5 deduce the KE imparted to a 135 gm glider 


in 120 cm travel if the track departs from the horizontal by 1 mm id the 
total length 185 cm.* 


EXPERIMENT 2-C Superposition of gravitational and 


magnetic potential energy curves. 


If you know the potential energy curves for a body in the fields of two 
bodies 1 and 2 separately, then the potential energy of that body in the 
fields of both 1 and 2 together is obtained by just adding the separate 


° This will indicate how precise you have to be in setting the track horizontal if 


gravitational effect has to be <1 per cent. Of course, the track construction too must 
have irregularities much less than, say 0.1 mm. 
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potential energies. This is the principle of superposition, and it does not 
matter if the nature of the fields is different for 1 and 2. This principle 
may be obvious from conservation of energy itself. All the same, itis a 
good idea to see this experimentally. 

Set the track sloping as in Experiment 2-B, fix a magnet Mo at the 
bottom end (see inset Fig. 2.6) and proceed as in Experiment 2-B to get 
the PE curve. Because of magnetic interaction between M, and Mo the 
magnet Mı released from A will not go beyond a certain limit. To study 
the potential energy curve in the farther region (i.e., near Mo) release My 
from different positions x in that region and measure the kinetic energy 
when Mj reaches the position A. 
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FIGURE 2.6. Superposition of gravitational and magnetic potential energies, 


For Mı in the magnetic field of Mọ, the potential energy curve may be 
studied separately (as in Experiment 2-A), and for Mı in earth’s 
gravitational field, the potential energy may also be studied separately 
choosing the same reference point (as in Experiment 2-B). Figure 2.6 
shows these two separate PE curves also. The sum of potential energies 
given by these two PE curves matches the observed PE curve for M, 
in the field of both Mg and the earth. 


EXPERIMENT 2-D To study the potential energy of a 
magnet bounded by two fixed 
magnets. ‘ 


With the air-track horizontal, clamp two glider magnets My and Mo’ at 
a known separation d to confine between them a third glider magnet M, 
(Fig. 2.7, inset). You may first find the position P where M comes to 
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rest in the field of the two magnets Mo and My’. Set the sensor at this 
position P. 

Now release My from different measured distances x from P (to the 
left as well as right) and measure the kinetic energy of Mz as it passes P. 
That gives the PE when M, is placed at location x in the field of both 
Mo and Mo’, the reference Jevel being the location of Mı at P. 

Figure 2.7 shows the PE curves for three different separations d. 
When d is small, the potential well is quite deep; with large d the well 
becomes somewhat shallow; finally with d very large the bottom of the 
well becomes wide and flat. 
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FIGURE 2.7. Potential energy of a magnet (M1) in the field of 
two magnets (Mo, M'o), shown in the inset. 


In the next chapter you wili study the oscillations of a magnet when placed in such 
potential wells. At this stage therefore it would be useful to become familiar with the 
nature of the potential energy curves. 

The absolute value of U depends on the ċhoice of the reference state of the system. 
Let Mr X choose the reference state as that at which Mo, Mọ and M are at infinite 
distance from each other. Now let Mo and Mo’ be brought to a distance d and 
clamped there. If work done in doing so is!U, and Mr Y decides to use this as the 


reference state, then all the U measurements by Y will differ from those made by X 
by this common quantity. Yet further, let M1 be brought to the equilibrium position 
between Mo and Mo’. In doing so some work U4’ is done. If Mt Z decides to use 


this as the reference State then his U measurements are smaller than those of ¥ by the 
amount U, throughout and smaller than those of Mr X by the amount U,-+U4q’ throu- 
ghout. For a constant ¢ these amounts are not affected by x, the displacement of Mı 


from the equilibrium position. Therefore the shape of the U(x) versus x curve remains 
independent of whether you are Mr X or Mr Y or Mr Z, 
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Although the isolated system comprises three bodies Mo, Mo’ and Mi, the process 
of clamping Mo and Mo’ to the earth (which amounts to making them infinitely heavy) 
makes them the ‘field magnets’, permitting us to measure U as a function of displace- 
ment x of the magnet My alone. 


RELATED EXPERIMENTS 


EXPERIMENT 2-D(i) 

You may determine the PE curve for (i) Mj in the field of Mo and (ii) 
M1 in the field of Mo’. Now with the appropriate separation d add the 
two PE curves and compare the resultant curve with what you got 
in Experiment 2-D for the given d. You wou'd expect the shapes to 
match, but the reference level for U will be different. Figure 2.8 shows 
how the system Mo+Mo' +Mj, may show different PE curves depending 
on the separation d between My and Mo’. How would you relate the 
varying reference level with Ua’ ? 
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FIGURE 2.8. Potential energy curves of system Mot Mi +Mo' 
of d obtained by adding the PE for Mo+M1ı to that for Mo +M1ı. 


EXPERIMENT 2-D(ii) 

With Mo and Mo’ unchanged, repeat Experiment 2-D using a different 
magnet My’ which has the same dimensions as M,. Check if the U values 
in the old and new curves at corresponding positions bear a constant 
ratio. 


The potential energy of the system Mı +(Mo+Mo') may be considered 
as the product of two terms. One of these depends on My-++My and the 
space coordinate x only; the other is an intrinsic property of Mı only, 


40 MECHANICAL SYSTEMS 


The first is called the potential* due to My+Mo’, the second is called the 
magnetic moment of My. The product of magnetic moment and potential 
at a point x gives the potential energy when M; is at x. If M, is replaced | 
by magnet M,’, its magnetic moment may be r-fold.** Then the value 
of U everywhere beeomes r-fold. This is the general principle being 
checked here. 
In the case of two electrical charges q and q’ at separation r the 
potential energy may be written as: 


U=K s Kq [ T] Kq| £] A (K=a constant) 


Thus we may consider q' as generating the potential distribution q'fr, 
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FIGURE 2,9, Other configurations and the corresponding PE curves ; 
(a) Mz in attractive mode with Mo; (b) Mı in attractive mode with Mo but 
repulsive mode with Mo’:(c) M, in attractive mode with both Mo and Mo’. 
*While ‘potential energy’ has the dimensions of energy (like erg or joule), ‘poten- 
tial’ has the dimensions of ‘energy per unit magnetic moment.’ 
**Since magnetic moment is a vector quantity, the result in general depends on the 
orientation of My also. We must therefore add ‘for the same orientation’ in this 
statement. For the case of an electrical charge such qualification is not required. 
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which acting on q gives us the potential energy U, or we may consider 
the other way. They are equivalent. This is a universal truth; but quite 
often the convenience is in treating the clamped members as the field 
generating members (like Mo+-Mo’) and the movable member as the one 
which can be changed at will,as you replaced M, by M,’ in this experi- 
ment, 


EX PERIMENT 2-D (iii) 

It will be interesting to measure potential energy curves for the case 
of magnets in attractive mode. Figure 2.9 shows three geometries. In 
case (a) you have Mo and M, in attractive mode; in case (b) M, is in 
attractive mode with Mo but in repulsive mode with My’; finally in case 
(c) M, is in attractive mode with both Mo and Mg’. 

A particular precaution in doing these experiments is to have a rubber 
or sponge padding fixed at each of the two end faces of M, to avoid 
damage to the magnets in direct hits. We leave it to you to decide how 
you would proceed for these studies. The nature of potential energy 
curve you would expect is shown in Fig. 2.9 for each case. 

You may note that when M, (with padding, as suggested) ultimately 
‘hits’ another magnet, the e/astic interaction comes into play in addition 
to the magnetic. It will be useful if one can complete the PE curve in 
this range also, 


STUDY OF OSCILLATIONS IN 
POTENTIAL WELLS OF 
DIFFERENT SHAPES 


3.1. POTENTIAL WEELS 


In the preceding chapter we have used the equation 
AU = — AK SEED) 

to deduce the potential energy change AU from the measured kinetic 
energy changes AK and thus to build up the potential energy curves for 
any system. Now we are going to use the PE curves in the reverse way. 

Figure 3.1 shows a potential-well. Let the total energy of the system 
(K+U) be E, as shown by the horizontal dotted line. What information 
does the PE curve give now? Firstly, since K cannot be negative, the 
intercepts of the Æ line with the PE curve (points P and Q, corres- 
ponding to x=a and x=b respectively) give the extreme limits between 
which the body can move. Secondly, the vertical gaps between the E 
line and the PE curve at different positions (the vertical full lines) give 
you the kinetic energy of the body at different positions in the region 
a to b, being obviously zero at the ends a and b. You will notice that 
any shift in reference level of U will effect the PE and the total energy 
by equal amounts, so that the information about kinetic energy K at 
different x values remains unchanged. 


KeUcE 
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FIGURE 3,1, A potential well. The lengths of vertical lines represent the kinetic 
energy at different x for a given total energy E. 


Figure 3.2 shows another interesting case, where the PE curve has 
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two wells, one around x=a, another around x=b. With total energy 
£=E}, the body can only be in the well around x=a, and not in the 
well around x=b; with total energy E= E the body could be either in 
the well around x=a or in the well around x=b depending upon initial 
condition, but cannot pass from one well to another, We say that there 
isa hill (potential barrier) at xe, With total energy E=E3 the body 
moves over the wide span from x=c to x=d, as if there is only one 
well, not two.* The case E=Eo is of special interest because atomic 
particles under such conditions refuse to obey the ‘either’ — ‘or’ rule 
dictated by Newtonian laws; they have a finite, though small, probability 
for cross-over across the barrier. Explanation for this is beyond the 
Newtonian mechanics, but quantum mechanics explains it satisfactorily. 


The process is called tunneling through a potential barrier. You should not, 
however, think that a tunnel is bored through by the particle (like a tunnel for 
railways through a hill). It only means that if the particle initially is on one side of 
the barrier, there is a finite, though small, Probability that it may Jater be found on 
the other side. 


The probability, as predicted by quantum theory, decreases with increase in the 
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FIGURE 3.2, A double well potential. 


*The hump at x=e would show its effect in the nature of oscillation. 
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mass of the particle and width and height of the potential barrier.* For this reason, 
the probability is negligibly small for any macroscopic system. This is in agreement 
with ‘zero probability’ predicted by Newton’s Laws. However, for nuclear particles, 
the mass is ~10724 gm, the potential width can be as small as ~10° em and the 
barrier height ~:0°6 erg. With all these values so small the probability becomes finite 
and experimentally observable. 

In any case, your present experiments are with macroscopic bodies only. For any 
computations you will deduce the kinetic energy of the body at different positions from 
E and the potential energy diagrams using Equation (2.1) the other way round i.e., 

K=E—U » «: «(3.2) 


3.2. OSCILLATIONS IN A POTENTIAL WELL 


We now proceed to study the dynamics of a body in potential wells like 
those you obtained in Experiments 2-C and 2-D. When the motion is 
confined to a potential well the system exhibits periodic motion, called 
oscillation.** 

Let us see what Newton’s laws say about the oscillations. Consider 

“a body of mass m and total energy Æ in a typical potential well shown 
in Fig 3.3, where the zeros for both U and x are taken at the bottom of 
the well for convenience.} 

This figure shows at once that for E=90 units the limits for oscillation 
are —8.7 cm to +-6.3 cm; for E=40 units these limits are —2 5 cm to 
--4.3 cm. Thus the oscillation amplitudes on the two sides are unequal 
in general; which one is larger may depend on the shape of the well and 
the value of E. 

If you desire to know the details of motion—i.e, the time taken in 
traversing different parts of the path—you may at first understand it 
broadly from Fig. 33. Assume that the body is initially at rest at A. 
Since the force (—dU/dx) at A is positive, the body starts moving to the 
right. The difference E—U gives the kinetic energy; when it reaches 
x=0 all energy becomes kinetic. Thereafter the force (—dU]dx) becomes 
negative. This causes slowing down of the motion, as is also shown by 
decrease of E—U =K as we go to the right. At B we have E—-U=0, 


*The tunneling probability is given by: 
/ 
P = exp [- “2 w-ere o} 
where h is Planck's constant, U—E is the amount by which the particle energy is 
short of the barrier height and b is the width of the barrier. Take U—E and bas 
small as 0.1 erg and 0.1 mm and calculate P for your glider (m=130 gm). If the 
collision occurs once every second what are the chances of observing a tunneling in a 
million years? Compute. 

**Perhaps you are already familiar with simple harmonic oscillation, But remember 
that not all periodic motions are simple harmonic. Most cases you are going to study 
here arc not of simple harmonic character. 

+The weil is not parabolic as it is in the case of simple harmonic motion. In fact, 

tis not even symmetric about the U axis It is therefore a very general case. 
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i.e., the body comes to instantaneous rest. Thereafter the body proceeds 
the reverse way, and so on. 


ao- ~ ESO units / 
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FIGURE 3.3. An asymmetric potential well. 


To find out quantitatively how much time elapses in completing each 
part of the motion you need to do some mathematical exercise. In 
Equation 3.2, you may write 4 m(dx/dt)* for the kinetic energy K, and 
then integrate between any two positions to get” 


r= {ar vm _— am dx 
2(£-U) 


Now, integral calculus is useful only when U is a simple function of 
x as, for example, U=} kx?. But in a general case the graphical or 
numerical integration method may be used more profitably. Briefly the 
method is as follows: (i) read U values from PE curve at several x values: 
(ii) deduce corresponding E—U values for the given constant E; 
(iii) compute 1/ v 2(£—U) values; (iv) plot these against corresponding x; 
©) find the area under this curve between the two values of x for 
which the travel time is desired; and (vi) multiply the area by \ 7m to 
get the desired t. Appendix III-A shows the procedure with a numerical 
example. 

Proceeding in this way with the PE curve of Fig. 3.3 you would find 
that the travel times for the two halves A to 0 and 0 to Bare not equal. 
Which one is larger and by what factor, will depend on the given E 
value. The total time T in completing one oscillation (called the period) 
will also vary with E. 


#*We have done this earlier in Chapter 2, Equation (2.15) 


46 MECHANICAL SYSTEMS 


Figure 3.4 shows three potential wells 4, B and C, all of which are 
symmetric about the U axis and all of them are coincident in the lower- 
most part. The potential curve A is parabolic, i.e., 


U=} kx2 sa (3.4) 
The force F is therefore given by 
—dU 

= =—kx oi ABS 

F ae kx (3.5) 


You are familiar that the motion corresponding to a parabolic potential 
well is simple harmonic. What is of special importance about it is that 
the period of oscillation T is independent of the energy E. With larger 
energy the amplitude of osciJlation will become larger, but the velocity 
everywhere also becomes larger by just the correct amount to make T 
independent of E (see Appendix III-A; also Appendix VI-B). 


Potential Energy,U 


Distance, x 


FIGURE 3.4, Three symmetrical potential wells overlapping in 
their low energy parts. 


Now, relative to potential energy curve A the curves B and C widen 
and narrow down respectively at larger E values. You may apply a 
procedure like that of Appendix III-A to work out whether T will depend 
on E for these cases, and if so how. We will leave these questions un- 
answered for you to work out. 


EXPERIMENT 3-A To study frequency versus energy 
curves for oscillations in a poten- 
tial well. 


Set up the arrangement used for Experiment 2-D (see inset of Fig, 3.5). 
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You may keep d in the range 20 to 40 cm so that you get a potential 
well whose bottom is not very flat.* 

Find the equilibrium position Z of glider M, in the system, and set the 
sensor there. Now release the glider from a given distance a from P. 
Use mode |4L of the timer to measure KE of the glider at P, which 
gives the total energy £ of oscillations, since at P the value of U is 
taken as zero. Use also mode J4 j4 of the timer to measure the 
times for the left half and right half oscillations, so that the sum gives the. 
full period T. Repeat with several a values to get the T vs E data over a 
wide range. 

Figure 3.5 shows the typical results for two separations of My and 
Mo’. We have plotted the frequency v (=1/7) against E because in all 
advanced physics it is more customary to use frequency v». In both the 
cases v increases as Æ increases. Are the potential wells parabolic? If 
not, then are the upper wings of the potential curve bent-out or bent-in 
relative to the parabolic case? (see Fig. 3.4, curves Band C). Could you 
say why v is in general larger for My Mo’ separation d==25 cm, than for 
d=33 cm. 


In this experiment we can set the magnet M, oscillating with any value of energy 
E. In contrast, in molecular systems the permitted energy values in a potential well 
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FIGURE 3.5. Variation of frequency with energy for oscillations in a potential 
well generated by the arrangement shown in the inset (for two values of d) 


*It will be useful to do Experiment 2-D with the same setting, so that the potential 


energy curve is known. However, for the present your purpose is different. 
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are not found to be continuous but discrete. That is, the molecule may exist with one 
of a specified set of E values and no intermediate values of E are permissible. This 
discreteness of allowed E values is a characteristic of all bound systems when treated 
quantum mechanically. 

Now, quantum mechanics should also be applicable to the macroscopic system of 

` Magnets you have studied. The reason why discreteness of E is not experimentally 
observable in this case is that the allowed energy levels, though discrete, are very close 
to one another.* Thus quantum mechanics approximates to Newtonian for the case 
under study. 

There is another aspect to consider. In quantum mechanics when the analysis 
leads to energy values Eo, £1, Ez, etc., one cannot assign frequencies with them. A 
frequency v is associated through the equation hy=E,—Ez when a system changes 
from one energy state to another. However, here again there is a principle (called 
Bohr’s correspondence principle) which states that in the condition of our macroscopic 


experiments the quantum mechanical value would coincide with the frequency given by 
Newton’s laws. 


You thus conclude that for atomic systems quantum mec 
fundamentally different from those given by Newtonian me 
exciting. All the same, when applied to the oscillations of 
results of quantum mechanics approximate to those of Newto 


hanics does give results 
chanics. These results are 
a magnet size body the 
nian mechanics, 


RELATED EXPERIMENTS 


EX PERIMENT 3-A(i) 

In Experiment 3-A you may put two magnets, 
of the ends, say Mo, to make the 
Now repeat Experiment 3-A and see i 
more pronounced for this case. 


instead of One, at one 
potential well more unsymmetrical, 
f variation of y with Æ becomes 


EX PERIMENT 3-A(ii) 

With an unsymmetrical potential well, 
times 7” and T” for movement across left of P and right of P respectively 
for the same value of E (Fig. 3.5 inset). Plot Separately the variations of 
T" against E and of T” against £. Try to explain why 7’ and T” are not 


equal. Are their variations with E of identical character? Do you 
expect it? 


you may note separately the 


EXERCISE 3-A(i) 


From the measured PE curve and known glider mass compute T’ and 


T” for one E value, using the method given in Appendix III-A. Compare 
them with the experimental values, 


*For instance, in a harmonic oscillator the quantum mechanically allowed energy 
jevels are equidistant with a gap equal to Planck’s constant (h) times the frequency (v). 
For oscillations of v~ 1 Hz, the energy gaps would thus be as small as ~10726 erg. 
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EXPERIMENT 3-B To study the effect of oscillator 
mass on the frequency. 


Repeat Experiment 3-A with varying brass loads added to the glider 
carrying magnet M,. Note the total mass m of the glider in each case. 
Figure 3.6 (a) shows v vs Æ curves for 5 different values of mr. In general 
you note that for a given E values v decreases as m increases. 
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FIGURE 3.6, (a) Dependence of v vs E curves on the mass of the oscillator. 


From these data we read v vs m data for a given E and then plot v 
against 1/4/m in Fig. 3.6 (b). This is done for four different E values, and 
in each case the graph comes out as a straight line. 

In Fig. 3.6 (c), vym is plotted against E for all the data of Fig, 
3.6(a). You note that the experimental points for all 5 cases (of different 
mass) fall on a common curve fairly well. 

Figure 3.6 (b) and 3.6 (c) are just two different ways of showing that if 
the potential curve remains unchanged (i.e., the magnets Mo, Mo’, their 
distance d, and the glider magnet My, are unchanged) the oscillation 
frequency of the glider is proportional to 1/\ m at all energy values. 
See if you can explain this using Equation (3.2). 
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FIGURE 3.6, (b) v vs 1/+/m curves for three different E vaules. 
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FIGURE 3.6 (c) 
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vym vs. E curves for oscillators of all masses, In all the 
cases the potential well is the same. 
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EXPERIMENT 3-C To study the frequency vs energy 
curve when two bodies oscillate 
against one another. 


In Experiment 3-B the field magnets Mo and Mo’ were kept clamped to 
the track, and Mj alone was free to oscillate. Now unclamp My and Mo’ 
and hook them up, so that they are forced to move as one unit, Mı being 
the second. There is a stable equilibrium configuration of this two-body 
system, and if a relative displacement x is caused and both the bodies 
are released simultaneously, they oscillate against one another. 

The inset in Fig. 3.7 shows the arrangement. If you cover Mẹ (or Mo’) 
you may see Mo’ (or Mo) and Mj oscillating like two masses connected 
by a spring, or like a diatomic molecule. 

Now study the v vs Æ curves for the following arrangements: (a) when 
Mo+Mo' is clamped and Mj alone oscillates; (b) when M, is clamped 
and Mg+ Mp’ oscillates; and (c) when none is clamped and both M, and 
Mo+Mo' oscillate. Plot these curves on a graph paper. 

Figure 3,7 shows the results of a typical experiment. Curves (a), (b), 
(c) correspond to the three cases cited above. Of course (a) is the same 
as obtained in Experiment 3-A. The relation of (b) to (a) is that their 
ordinates bear a constant ratio, satisfying the condition 


». (3.6) 


Frequency ,V (Hz) 


Energy, E (10%erg) 


FIGURE 3.7. Dependence of v vs E curves on the oscillating 
member of a two-component system, 
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where m=moọ+my', the total mass of Mo and Mo’ with the hooking 
strip. This has been shown in Fig. 3.7 by multiplying the ordinates of 
curve (b) by thi; factor r and replotting; the points fall on curve (a) 
throughout the observed range. 


The relation of curve (c) to (a) is again of the same kind: 


ve, constant PESE e Sa) 
Ve 


and you may put this constant equal to 4/ m / \/m, as a parallel to 


Equation (3.6), and then compute m. This is called the reduced mass of 
the two-body oscillator. You may note that since curve (c) shows the 


highest v values among the, three cases, m is smaller than both mı 
and m,. 


Appendix III-B gives the relevant theory, which tells us that the 
reduced mass is given by 


mM, mM: 
m= 


renin PIENA 
In Fig. 3.7 the ordinates of curve (c) multiplied by vm] vm, have been 


shown, they fall on curve (a) throughout, showing that the experimental 
value of m coincides with that given by theory. 


The concept of ‘reduced mass’ is used widely in mechanics to simplify mathematics. 
Instead of both the bodies 1 and 2 oscillating (with their centre of mass unchanged) 
like one can talk of a single body of reduced mass m oscillating. In diatomic molecules 
O2, N2 etc., the reduced mass is half of the mass of an individual atom; in a case like 
HCI, the reduced mass is smaller than the mass of the H atom. Incidentally 
for rotational motion also the same value of mis applicable. Thus, in the earth- 
rogen atom, the use of 
onent. 


and-sun case, or in the electron-and-proton case in Bohr’s hyd. 
reduced mass takes account of the motion of the heavier comp 


EXPERIMENT 3-D Study of oscillations in a rectan- 


gular potential well, 


You have seen in Chapter 2 that if the field ma 
placed at a large distance there is a wide flat botto 
(see Fig 2.6). In such a case we may treat the pot 
ing ‘rectangular’ one. For example, the actual potential well ABCD in 
Fig. 3.8 can be assumed to have rectangular shape defined by 4’B’C’p’ 

Determine the frequency of oscillation of the glider for different ee 
ergies in this potential well, as in Experiment 3 A. Figure 7.9(a) gives the 
v vs E results for one such case and you may compare this with Fig. 3.6 

The distinction of this Experiment from Experiment 3-A lies in the fact 
that for a rectangular potential well, we may treat E—U=E=constant 
over the length b (Fig. 3.8) where U=0. Now, using Equation (3.3) we 
get the expression for the frequency as 
| VE 


= > 


Vim b ++ G9) 


gnets Mo and Mo’ are 
m for the potential well 
ential well as resembl- 
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In Fig. 3.9 (a) the theoretical curve shows v proportional /£ . It may 
| be noted that the experimental data agree fairly well with the theory’ in 
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FIGURE 3.8. A nearly rectangular potential well. 


the region of large E, but there are prominent departures in the low E 
region. [Fig. 3.9(b) shows they vs /£ plot for the same case]. Why 
would you expect the kind of departures observed? 
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FIGURE 3.9 (a) v vs. E plot, (b) vy E plot for oscillations in a 
rectangular potential well. 


RELATED EXPERIMENTS 


EX PERIMENT 3-D (i) T f, 
Repeat Experiment 3-D varying’b in successive steps, but keeping EF 
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the same*, i.e., releasing M, from a fixed separation a from Mg each 
time. Thus the experiment gives v vs b data for constant E. Would you 
plot v vs b or v vs 1/8 graph? What do you expect the graph to be like? 


Why would you expect departures from the expectations? And in what 
region (high b or low b)? 


EX PERIMENT 3-D (ii) 


Repeat Experiment 3-D with varying glider mass m. As in Experiment 
3-B, you may plot v/m against E and see if the points for different m 
fall on the same curve [as in Fig. 3.6 (c)]. 

You may notice that Equation (3.9) is an approximation and Experi- 
ment 3-D shows that there are serious departure from it at smaller E 
values (Fig. 3.9). Yet, you do not find significant departures in the 
experimental v Ym vs. E curve with changing mass in the entire region 


for E. That means v is Proportional to 1/¥m very generally. Try to 
guess what is so fundamental about this relation. 


*It may be advisable to keep E large, 


APPENDIX III-A 


GRAPHICAL METHOD FOR DEDUCING THE 
DETAILS OF MOTION IN A POTENTIAL WELL 


1. The Principle 

If the potential energy curve U (x) vs x is given and the total energy E 
of a body of mass m placed in this potential well is given, you can deduce 
all details of the oscillatory motion. The steps needed are as follows: 


Initial information 
U(x) and E 
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FIGURE III-A-1. Steps involved in deducing the motion of a 
given body with energy E ina given potential field U, 
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Step 1. Starting from the PE curve and the given E [Fig. III-A-1(a)] 
you deduce the kinetic energy at several values using 
K(x)= E—U(x) sa TILA (1) 
and thus obtain K (x) vs x curve [Fig. III-A (1b)]. The limits a and b for 
x are set by the intersection points of E with the U (x) curve shown in 
Fig. III-A (la). 
Step 2. Since K =} my2, you have 


eae .. ILA) 
Va 


From K (x) values you compute ¥2x and thus get V2K vsx curve 
[Fig. III-A (1c).] This, in fact, is v vs x curve, except for the constant 
factor 1/Vm . 

Step 3. Since v = dx/dt and your interest is in computing the time 
for travel across different distances, yo1 give Equation III-A (2) the form 

dt = V7 ~ Es . . L-A(3) 
Therefore to be able to perform the integration, you obtain 1/7 3K vs x 
curve [Fig. III-A (1d)]. 

Step 4. Divide the range of x into several segments and deduce the 
areas under the 1/72K vs x curve for these Segments by counting the 
squares. These areas represent (except for the constant factor Vm ) the 
time of travel across the different segments, 

Step 5. Starting from any initial position x9 proceed forward and 
backward repeatedly* on the 1/¥2K vs x curve and go on adding the areas 
under successive segments cumulatively, While x values repeat between the 


(b) 


under the curve (d) of Fig. III-A (1) 
masses of the oscillating body. 


FIGURE III-A (2) (a) x vs the cumulative areas 
(b) x vs t curves for two different 


*Just two or three scans of the region will be enough, 
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limits set in Step 1, the cumulative area s increases monotonously. Draw 
an x vs s Curve, taking s along abscissa. [Fig. III-A (2a)]. 

Step 6. Now multiply s values by Vm throughout. That converts s 
values to time values (t) and you get x vs t curve [Fig. III-A (2b)]. This 
gives the complete information about the oscillation of the body of 
mass m placed in the given potential well with the given energy. 

NOTES (i) One need not draw K vs x and V2K vs x curves. The data may be 
collected in tabular form, getting K=E—U then V2K and then 1/V 2K. At this stage 
the 12K vs x curve alone may be plotted to work out the areas. 

(ii) In working out the area under the 1/V 2K vs x curve you can have a 
lurking doubt whether the end segments would have finite areas. It can be shown 
mathematically* that although 1/V 2K tends to infinity, the area doesnot tend to 
infinity so long as the inter-section of U (x) curves with E line [Fig. III-A (Ja)] is at 
non-zero slope. It may be advisable to draw the end segments separately with x-scale 
expanded (say) 10-fold and then to compute the area under these in (say) 5 smaller 


segments, 
(iii) The Vm factor is not included at stages 2to5 because the SVS x curve 
has general applicability for all masses, so long as E and the PE curves are 


unchanged. 
2. Example of Simple Harmonic Motion 
In this case the U (x) values for different x can be computed from the 
expression 
U = } kx? 


We will take k=50 dy/cm. Since the U values are symmetrical in x, it 
will be enough to tabulate U values for positive (or negative) x only 
Working in steps of 0.2 cm each, we get i 
x(cm) = 0 A © 48s 10) 12) A ie Ls 20 
U (erg) = 0 1 4 2 iE r2 36.49 64 81 100 


Now we shall consider three cases (i) E=16 er ji 

or g, (ii) E=49 
(iii) E=100 erg. We therefore deduce K=E—U: and orrena 
1/4/2K values: s 


*Let the slope of U (x) curve at (say) the left end x4 be —a, Th 
—«, The ite į 
the neighbourhood of xa —— Pi 


U(x) = E—a (x—x4) 
h 2K = 2a(x—x4) 


For a region x4 to x4 +e (where e is small), the integral of interest is 
= -uy = -1ja a8 
T= | (2K)""dx = (22) (x—x4) dx 


=2 otal CE nae V 20 
XA be 
Thus the integral is finite, except when « becomes zero, i.e., when the Potential 
curve becomes parallel to x-axis at U=E, 
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1| 4/ 2K values 
Case (i) .177 .182 .204 .267 œœ 


(ii) .101 .102 105 .112 .123 .144 1196 co 
(iii) .070 .071 .072 .074 .077 .081 .089.099 .118 .162 co 


The 1] 4/2Ķ vs x curves are shown in Fig. III A(3) for a quarter cycle. 
To get the period, one has to muitiply the area under the curve by 4 and 
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FIGURE III-A (3) (E~) 


versus x for a simple harmonic 
potential for three Æ values, p 
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by 4/m , where m is mass of the oscillating body. 
| The total areas under the curve in the three cases in Fig. III-A (3) 
come out to be equal (within the range of error in counting the squares). 
This is the special feature of simple harmonic motion—the period T is 
independent of E. 
3. Example of a General Potential Well 
Figure III-A(4a) shows the case of a general type of potential well. 


~ "g=35units; 


E=275units 


-30% -20 -10 o 10 20 3 


(b) 
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FIGURE IM-A(4) 2(E—U) 1/2 versus x curves for different energies 
in a general potential well. 
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For three different energy values E=35, 27.5 and 10 units, we compute 
E—U and hence 1/ v 2 (E—U), and then plot it against x in the lower 
graph III-A (4b). The areas, counted in convenient segments, are shown 
in the figure. 

The introduction of mass factor \/ m would convert the ‘areas’ to 
times. Otherwise details of oscillation remain unchanged as long as 
E value is the same. You note that for E=35, 27.5 and 10 units the 
oscillation periods are proportional to 15.0, 7.6 and 5.8 respectively, 
You may also note that the ratio of time spent on the left and right of 
the equilibrium position is also different for different E values. 


4. Using a Computer ` 

The calculations, graph drawing and area counting can all be done 
by acomputer. You store in it the information about U vs x; it has a 
memory. You then feed the instructions and the assigned E value. It 
will compute E—U and 1/ 4/ ‘2 (E—U) at as small Ax intervals of xas 
you instruct it to, and it will go on giving cumulative sum of the 
products [1/ vy 2 (E—U)] Ax up to whatever Stage of x you desire. The 
information for one cycle will also be printed out by it. 

Of course, the computer understands neither English nor Hindi nor 
any other spoken language. Computers have their Own languages. 
Preparing the ‘otal set of computer instructions for a given job is called 
programming. While running a computer is a technical job, programming 
is the task of a computer programmer, who may know nothing about the 
electronics of the computer (and may not know Physics either), Once a 
Programme is made by him the computer can use it for any number of 
similar computations. But you are to instruct the programmer what 
calculations you desire. Still better, you may yourself learn the computer 
language and make a programme. 


APPENDIX III-B 
THE CONCEPT OF REDUCED MASS 


Consider an isolated system of two bodies Aand B in an inertial frame 
of reference. If the force of interaction between A and B at any time ¢ is 
F, the equations of motion are 


2 


‘A °rep 
a =F; maa =F . » -II-B(1) 


where r4 and rg are the position vectors of A and B respectively and my, 
and ma are their masses. We have taken care of Newton’s third law in 
writing —F in the second equation, 

Let us now change the frame of reference to one fixed on the Particle 
B. The coordinate of A is then given by = 


r=r4—rs .. .II-B(2) 
dr dra A arp 
maoga kas 4 ae 
spp pi mAtms p 
mB mB 


mam dr 
mee ae . - -III-B(3) 


If we change the frame of reference to one fixed on particle A, then 
coordinate of B is given by 
r="re—ra 


or 


which again leads to 
mams dr _ 
ma+ms dt? — 
Thus the two-particle motion can be described as one-particle motion 
(using the other particle as reference frame) if the mass is replaced by an 
equivalent value. 


=e . - IH-B(4) 


This is called the reduced mass. It is to be noted that if the interaction 
force between the particles is dependent on the relative displacement 
r alone, it is easier to deal with an equation like III-B(3) than with the 
two separate equations given in III-B(1). > 

The proof is of a general nature, irrespective of the nature of the 
interaction involved. The reduced mass jas significance therefore for all 
kinds of motion where an isolated system of two particles is involved, 
oscillations being one class of cases. 


STUDY OF 
SOME SPECIAL POTENTIALS 


4.1. INTRODUCTION 


You have by now learnt how an interaction can profitably be 
represented by a potential energy diagram. This is, in fact, the way it is 
always done in atomic and nuclear physics. 

In the experiments `of Chapters 2 and 3 the field magnets (clamped 
ones) were situated on the track and therefore the glider magnet could 
not have crossed through the field region. In other words, the potential 
energy curves had ends with U->co. However, in a wide range of 
experiments in molecular, atomic, nuclear and solid state physics it is 
customary to fire projectiles (like protons or alpha particles or X-ray 
photons or neutrons) through a region of interaction and examine them 
as they come out of that region. There may be change in thcir momentum 
as well as energy (inelastic scattering, Chapter 5). There will also bea 
time-delay due to the field. Thus we collect experimental data about the 
interaction of projectiles with the system under examination and thence 
build a picture of the interaction potential from which we can deduce 
the internal structure and behaviour of the system under different 
conditions. At other times, where we have some initial idea about the 
interacting system, we first make a model of the potential. From it we 
make predictions and then use the experimental results to give final 
touches to the model, like determining the constants or suggesting 
modifications in the shape of the potential. 

In this chapter you will be dealing with some special potentials which 
closely resemble those which are widely used as models in atomic and 
nuclear physics. Here the potentials will be generated with the help of 
magnets, whereas the actual interactions between atoms and nuclei are 
of different origins, So you see that the comparison will be only about 
the shape of the PE curve, not about the origin of the interactions. It 
is an experience to generate potentials of different shapes and then to 
see experimentally the motion of a body in or through them. Later on 
you can appreciate to what extent atomic systems deviate from this 
behaviour. The deviation of behaviour is, in fact, not due to the 
differences in the nature of interactions. We have stated earlier 
(§ 3.1, p.42) that once the PE diagram of a system is obtained the 
mechanics can be discussed irrespective of what the origin of the 
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interaction is. The deviation really occurs because at the level of atomic 
masses and dimensions quantum mechanics gives results which are 
significantly different from those given by it for macroscopic bodies* 
like your glider magnets. We will draw your attention to some of these 
differences at the appropriate places. 


4.2. GENERATING REGIONS OF DIFFERENT FORMS OF 
POTENTIAL > 


Since we desire to generate regions of interaction through which a 
projectile may pass, the field magnets are to be mcunted away from the 
air-track. Another consideration is to keep the magnets in pairs symme- 
trically about the line of the air-track so that the glider magnet (used as 
the projectile) may not experience torques or transverse forces, which 
may lead to wobbling and avoidable energy loss in friction. 

Four simple geometries, with one pair of field magnets, are shown in 
Fig. 4.1. In cases (a) and (b) the parameter b is variable, whereas in 
cases (c) and (d) two parameters band 0 are variable. In each case a 
reversal of the polarities of the projectile produces a mirror image of 


(a) (b) (c) TH 


FIGURE 4.1. Some simple geometries for field magnets (Mo’ and My”). 
the original potential. The potentials produced by them will be the 
subject of your study and are briefly described below: 

(a) Potential Hill with Valleys. You get this potential when M’p and 
Mo" are placed parallel to the track at lateral separation beach and M, 
so mounted that N poles of all the three magnets point in the same 
direction. When M, is far from the centre of Mp’ and Mo” there will be 
a weak attraction, but when M, lies in the middle of M'o and Mọ” there 
will be a strong repulsion. This means that for the M,+Mpo'+Mo" 
system there is a large potential hill at the centre with two shallow 
valleys—one on each side. You may see its shape in Fig. 4.2. The 
details of the height and width of the potential hill, and the depth of the 
valleys on the two sides evidently depend on the strength of the magnets, 
their lengths and the lateral separation of Mo’ and Mo’. 

*For macroscopic bodies the results of quantum mechanics approximate to those oi 
classical mechanics. 
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Such potentials are of special interest because they are approximately the kind of 
Potentials used for interaction between two molecules or two atoms or two nucleons. 
The side dips represent the initial (weak) attraction between the particles and the 
Potential hill corresponds to the strong repulsion when the particles are close together. 
The width of the hill corresponds in a way to the particle diameter. There are differ- 
ences of detail—as should always be expected in such comparison. The PE curve of 
Fig. 4.2 is therefore only a model to illustrate how the same system can exhibit attrac- 
live as well as repulsive interaction. 


(b) Potential Well with side Hills. If the polarity of magnet M, in the 
arrangement of Fig, 4.2 (a) is reversed the regions of attraction and 
Tepulsion are just interchanged, the magnitudes remaining the same. 
Therefore the potential now can be obtained simply by turning Fig. 4.2 
upside-down about the U=O axis. You now get a potential! well in the 
centre with a hump on either side as shown in Fig. 4,3, Unlike the 
potential energy curves studied in the experiments on Chapter 2 this 
potential well is not bounded by walls of infinite height, 
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FIGURE 4.2, A Potential hill with a valley on each side, 


The reasons for interest in studying this kind of Potential well (with side humps) 
is again that such Potentials are used in nuclear models. For example the interaction 
between any charged nuclear particle and a nucleus is represented by such a potential. 

A special feature of this Potential is that in the energy range 0 to P the particle 
can be ‘inside’ the well, even when its energy is positive. Jn Newtonian mechanics a 
ever escape. But quantum 
mechanics gives the result that such a Particle has a chance of escaping. The present 
theory of emission of alpha particles by nucleus uses such a Potential, and fits the 


experimental data quantitatively. Of Course, your magnet will not escape—even if it 
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| is in this energy range—because for bodies with large mass and potential barriers of 
| large width* quantum mechanics gives nearly zero probability or such escape. 


20 > 40 
Distonce x (cm) 


U (10%erg) 


Potential Energy 


FIGURE 4.3. A potential well with a hill on each side. 


(c) Simple-Potential Hill or Well. One can also generate a pure poten- 
tial hill without side valleys or pure potential well without side bills. 


Potential Energy, U (10%erg) 


Distance , x (cm) 


FIGURE 4.4. Simple potential hills. 


* See footnote on p. 44§ 2 of Chap. 3 
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In the arrangement shown in Fig. 4.1(b) two fixed magnets Mo’ and Mo" 
are mounted perpendicular to the track at equal distances from it. The 
glider magnet M, is also mounted perpendicular to the track. The 
arrangement produces a pure potential hill, as shown in Fig. 4.4. 

If the polarity of M, is reversed, you get a pure potential well 
obviously a mirror image Of the former. Figure 4.5 shows some PE 
curves obtained with this arrangement. 
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FIGURE 4.5. Simple potential wells. 


4.3, TIME-DELAY IN PASSING THROUGH A FIELD 


The experimental study of atomic and nuclear interactions involves 
measurements on a projectile before it enters the field and after jt comes 
out. For an elastic collision, no change of kinetic energy is therefore 
observable in such measurement. What indication is there that the 
projectile has passed through some field at all? There is one indication: 
the time of passage between two points across the field region is different 
from that in the absence of the field. This difference of time is called 
‘time delay’ (ta). It is positive or negative according as more time or 
less time is taken in the presence of the field than without it. It will be 
obvious that passage through a potential hill would cause positive time 
delay and the reverse holds true for a potential well. 

The variation of timè delay (ta) with kinetic energy E of the projectile 
depends on the nature of the potential energy curve.* It will thus be 


* For details and snags, see Appendix IV-A. 
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clear that measurement of f4 vs E data is helpful in deducing the shape 
of the interaction potential. What is not obvious is that if two potentials 
are superposed, the time delays due to the two are not just additive. In 
other words, if fa vs Z curves for potentials 4 and B are separately given, 
you can add tu (A) and tu (B) only if the two fields are entirely separate 
in space. If they have even partial overlapping the resultant ta vs E 
curve could be of very different shape. 

Appendix IV-A shows how tu vs E data may be used to deduce the forms 
of potential. But the discussion must be taken with many reservations. 
Firstly, in atomic and molecular physics, the Newtonian mechanics, which 
we have used in this Appendix, is not of sufficient validity. And, secondly, 
time-delays in atomic systems are measured indirectly through phase 
delays.* Therefore you should remember that by the experiments on 
time delay with macroscopic bodies you get only the broad concepts on 
how measurement totally outside the interaction region can lead to 
information about the nature of the field. 


EXPERIMENT 4-A To study the shape of a potential hill 
with side wells. 


Set up the arrangement shown in the inset of Fig. 4.2. In repeated 
trials release the glider M, from a fixed separation a from Mọ (not 
shown) and measure the velocity of M, at various distances x from the 
middle of My’ and M,". You may use a point far from Mo as well as 
Mo’ and Mo’ as the zero reference level for U and the change in kinetic 
energy K relative to this position would then give you — AU and hence 
U at different x values, 


Alternatively, you may release Mı carefully from almost the middle of Mo’ and 
Mo”. It will start off on its own either way, and you may therefore have to leave it 
just a bit to the left or right of the mid-point whichever way you are placing the sensor 
to measure the kinetic energy K of the glider Mı. Then —X gives the potential 
energy U at the corresponding x position. This U is with reference zero level at the 
middle of Mo’ and Mo”. After drawing the U vs x graph you can shift the zero 
reference to the U value at x->oo. (In this procedure magnet Mo is not essential; it 
only takes care to protect Mı from striking at the ends). 


The graphs for U vsx fora set of typical experiments are shown in 
Fig. 4.2. From this you may measure (i) height of the potential hill, 


* A notable example is that of light passing through matter. An interference experi- 


ment can measure phase delays of the order of æ. For light of aS â the time 
period is ~ 1X 107 sec, so a phase delay = amounts to time delay ~10 sec. Thin 
layers of glass or mica or pressure differences in gas cells would cause such phase 


delays, which are measured and interpreted 
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(ii) the full width at half height of the hill, and (iii) the depths of the 
valleys on either side, 

You may also deduce from the U vs x curve the force F vs x curve, 
using F=—dU]dx. Figure 4.6 shows a typical result. However, since you 
have data on U at intervals of (say) 1 cm each, you may as well deduce 
F from the data and plot F vs x, without using the U vs x curve. Note 
the difference it makes in the scatter of F data. Why does it occur? 


Force (10fdyne) 


FIGURE 4.6, The force F vs x curve corresponding to the potential 
energy curve of Fig, 4.2, 


RELATED EXPERIMENTS 
EXPERIMENT 4-A (i) 


With the same set up you may use a different spacer to fire M,or a 


different firing magnet Mo and repeat the experiment. Check if the 
PE curve which you get is independent of these. 


EX PERIMENT 4-A (ii) 


With the same set up you may use a double timer, one Measuring the 
kinetic energy of the glider M, at a fixed Position and the other ata 
variable x position. Now you need not take care to keep a the same in 


repeated firing;* from the difference of K you get the U vs x data 
uniquely. 


* In fact you may even dispense with the firing magnet My and set Main motion 
by a push of your hand. 
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EX PERIMENT 4-A (iii) 

Take another rider with a brass load and hook it up to M, to increase 
the mass, Repeat the experiment. See if the PE curve comes out to be 
the same as before. 


EX PERIMENT 4-A (iy) 

Change the sideways separation b of Mo’ and Mọ” (see inset, Fig. 4.2) 
in 4 or 5 steps of (say) 2cm each. Repeat the Experiment 4-A. Deduce 
general conclusions about the variations with b in the hill height, full 
width at half-height and the ratio of hill height to valley depth. 


EXPERIMENT 4-B To study the shape of a potential 
well with shoulders. 


The arrangement for this is the same as for Experiment 4-A, except 
that the polarity of M, (and hence of Mo, if used) is reversed. The 
experiment is also to be done in the same way as Experiment 4-A.* The 
results of a typical experiment are presented in Fig. 4-3. Measure the 
well depth and width, and also the shoulder heights. 

If Experiment 4-B is done with the same magnets and separation as 
4-A the potential energy curve should come out to be the mirror reflection 
of Fig. 4.2. Check if your results show this. 


EXPERIMENT 4-C To study a simple potential hill or 
well. 


Repeat experiment 4-A (or 4-B) with the arrangement of inset of Fig. 
4.4, where the magnets are placed perpendicular to the air track. You 
may use a firing magnet Mọ at one end, placed parallel to M, and in 
repulsive mode with it.** 

Obtain several potential hills (or wells) by varying the separation b of 
the magnets M,’ and M,” fromthe air track. Obtain one plot to show how 
the potential hill height (or well depth) Uma: changes with b, and another 
plot to show how the half-width of the hill (or well) changes with b. 

Further experiments like 4-A (i) to 4-A (iif) may also be done with 
this arrangement. 

Figures 4.4 and 4.5 show the typical U vs x curves for three different 
b values. The Umaz vs b and half width vs 5 curves are not shown. 

You may also obtain the force F vs « curves for this arrangement as in 
Experiment 4-A (Fig. 4.6), and note the differences. 


* The alternative procedure stated with Experiment 4-A is, however, not applicable 


here 
** For the ‘hill’ experiment you may also use the alternative method as suggested 


under Experiment 4-A. 
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EXPERIMENT 4-D To study the oscillations in a 
potential well with shoulder hills. 


This experiment may be done in the same way as Experiment 3-A to 
find the oscillation frequency v for different energy values E. Figure 4.7 
shows a typical set of results. Frequency of oscillation decreases as 
energy increases. You may compare this v vs E curve with that obtained 
in Experiment 3-C and note that the departure from harmonic character 
is of an opposite kind. Here v decreases as Æ increases. Further if you 
increases the energy in-this case a limit comes when the glider Mj flies 
off, rather than oscillate. Just near this energy value the decrease in 
frequency with increasing E becomes quite rapid. 


Frequency, Y (Hz) 


Wed 
o 4 8 12 I6 
Energy, E (10% erg) 


Dissociation energy 


FIGURE 4.7. v vs. E curves for oscillations in the potential well of Fig. 4.3. 


PE - i 
EXPERIMENT 4-E Study of oscillations in a simple 


potential well, 


This experiment may be done in the same W 
with the arrangement shown in the inset of Fi 
to the potential shape of Fig. 4.5. The typic. 
shows that the frequency falls as the energy 
at a limiting energy. i 


ay as Experiment 4-D, but 
g. 4.8, which corresponds 
al v vs E «curve (Fig. 4.8) 
increases, tending to zero 
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FIGURE 4.8. v ys. E curves for oscillations in the potential well of Fig. 4.5. 


The y vs E curves of Experiments 3-C, 4-D and 4-E are of different character and 
the explanation lies in the corresponding PE curves. Newtonian mechanics shows that 
in a potential well of parabolic shape v does not change with Æ; if the shape narrows 
down at higher E values, y increases; and if the shape widens out at higher E values, y 
decreases. Experiment 3-C corresponds to one kind of departure from the parabolic 
potential, Experiments 4-D and 4-E correspond to the opposite kind of departure. 


There is also a difference between the y vs E curves of Experiments 4-D and 4-E. 
In the first case the fall of y is slow at first and major part of the fall occurs in a 
narrow range of E near the top. In the second case the fall of y with increasing E is 
distributed over a wide range of E. You may explain them by looking at the corres- 
ponding PE curves. 


EXPERIMENT 4-F To generate some other potential 
shapes and study oscillations in 
them. 


Arrange the field magnets M,' and Mg” in the geometry shown in the 
inset of Fig. 4.9. Study the PE curve for a glider M, interacting with 
the field of these magnets. Figure 4.9 shows a typical result. 


What is important about this potential curve is that its right half is so close in 
shape to the famous Lennard-Jones (L-J) potential used in molecular physics, (Com- 
pared with the right half of Fig. 4.2, the hill part is much steeper here, and hence the 
valley shape has very large slope on one side and quite a gradual one ọn the other, as 
jt is in the L-J potentiąl), 
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FIGURE 4.9, A potential hill with a single valley on one side only, 
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You may now study the oscillations in the potential valley of Fig. 
4.9. They vs E curve now should be much nearer to what is observed 
in the vibrational spectra of diatomic molecules. Fig. 4.10 shows the 
results of a typical experiment. 


In diatomic molecules as the vibration energy reaches a limit the molecule disso- 
ciates; i.e., one part flies off from the rest. This limiting energy is called dissociation 
energy of the molecule. Not only this. The quantum mechanically allowed energy 
levels come closer and closer together as the oscillation energy increases. Since fy in 
quantum mechanics refers to energy gaps, we may see y tending to zero as the dissocia- 


tion stage is approached. Figure 4.10 is thus a good parallel. 


Arrange a chain of magnets as shown in the inset of Fig. 4.11 and 
study the potential energy curve for a glider in the field of these 
magnets. Figure 4.11 shows a typical PE curve, which isa broad 
potential hill with several small valleys and hills on its top. Depending 
upon the number of magnet-pairs and their spacing you can alter the 
total width, the height and valley depths. Oscillations in a valley in this 
potential have one character: when the energy of oscillation crosses a 
limit, the glider would escape with energy much larger than the energy 
of oscillation, 
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FIGURE 4.11. A potential hill with several small valleys or hills on its top. 


Reverse the glider polarity relative to the last case and obtain the PE 
curve. Figure 4.12 shows the result of a typical experiment with 5 pairs 
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oi field magnets. This is a broad potential well with periodic valleys and 
hills inside it. 
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FIGURE 4.12. A potential well with several smaller hills and vallsys inside it. 


This potential energy curve has a parallel in solid state physics, where a periodic 
potential exists for electron-lattice interaction.* The electron may be bound to an 
atom (oscillating in the individual valleys of Fig. 4.12), or it may be free to move 
around in the entire solid (the wider overall valley), or it may escape from the solid. 
The expression ‘free electron’ has now two meanings: free from the individual atoms 
of the solid and free from the entire solid. When you talk of ‘free electrons’ in a 
metal for electrical conduction you have the first meaning in mind. When you talk of 


a photon liberating an electron from the solid (photoelectric effect), you have the 
second meaning in mind. 


What is important here is that with the magnetic dipoles you can 
generate potentials of this kind and also study the motion of a glider in 
them. The story goes farther still. Study the oscillations of a glider in 
this potential. For low energy the oscillations are limited to an individual 
valley. As the energy E is increased, the frequency v falls, slowly at 
first and rapidly thereafter. Figure 4.13 shows the typical results of an 
experiment. The energy at which v—>0 corresponds to the height of the 
ridge bounding the local valley. As the energy is increased further, the 
oscillations extend over the wider well and it is an interesting sight to 
see the jerky motion. The frequency now startsfrom a low value, in- 


creases as E increases, but later on again starts falling off as E approaches 
the top of the potential well. 


*In solids the periodic ‘valleys’ are much deeper compared with the average 
depth. You can get nearer to that in your experiment by increasing the longitudinal 
separation of magnets (say, from 14.5 cm to 30 cm), 
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Figure 4.13 is like a ‘dispersion curve’. In this experiment you know why all these 
changes are occurring. But imagine a solid state physicist just getting experimentally 
a vvs E curve with v dipping to zero at some energy Zi (Fig. 4.13) and again rising, 
but upto a much lower value than before. Then he must apply logic and imagination 
(i.e., try some models) to understand why such behaviour may occur. 
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FIGURE 4.13. v vs. E curve for oscillations in the potential well of Fig. 4.12. 
EXPERIMENT 4-G To study time-delay in passing 


through a potential hill. 


Set up the arrangement for a potential hill, as shown in the inset in 
Fig. 4.14. Set the sensors S; and Sg far enough from My’, Mo” and Mo 
So that the sensors are in field-free space. In the double timer, use one 
timer in JA L mode to determine the projectile energy E at Sı and the 
other in JA |B mode to determine the time of travel ¢ across distance 
Sı Sy. Plot a graph between ¢ and E. 


Now remove the field magnets Mo’ and Mo" and repeat the whole 
experiment, keeping Sı and Se positions unchanged. The travel time for 
Sı Sy distance may be called fọ new. Plot a graph between ft) and E. 
From the two graphs deduce t—fy=ta (the time delay) for different £E 


values. ` 
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Figure 4.14 shows the data for an actual case. You note that fa in- 
creases as E decreases and tends to infinity as E approaches a certain 
value. Theory (Appendix IV-A) would show that this Æ value is the 
height U, of the potential barrier. (Of course, for E<Upo the projec- 
tile would not reach sensor So at all.) 
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FIGURE 4.14. Variation of time dela 


y vs. kinetic energy for a projectile passing 
through a potential hill region. 


RELATED EXPERIMENTS 


EXPERIMENT 4-G(i) 


Change the positions of sensors 
are still away from the fields of 
Experiment 4-G. See if tu vs E rel 
positions. 


NOTE. to and t individually would, of course, depend on Sı So Separation; but 
ta should not. 


o 
(0) 


Sı and S, (Fig. 4.14) such t 
Mo as well Mo +Mo". 
ationship is independent o 


hat they 
Repeat the 
f the sensor 


EXPERIMENT 4-G(ii) 


Repeat the experiment with glider Mı loaded to change its mass, but 
keeping the arrangement- unchanged otherwise. See how the ta vs E 
curve changes with m. Check if ta changes by a constant factor at all E 


values; if so, guess the relation of this factor to the change in mass (see 
Appendix IV-A). 
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EX PERIMENT 4-G (iii) 

You may do the same experiment with any other potential involving 
a hill, like those of Figs. 4.2,4.9 and 4.11. (The last one may be good to 
get large time delay). 


EX PERIMENT 4-G(iv) E 

You may repeat Experiment 4-G, keeping the potential hill low (by 
increasing Mo’ Mo” separation), and working in the energy range 
ESUmaz. Plot a graph between the observed t4 and E-?!2, 

Appendix IV-A shows that for ES®Uo the time delay is given by 


1 [m : m | 
tim tft. (Uo TERNA] fv db | E-3/2 


At large E values ta becomes small and therefore errors may not remain 
insignificant. But it is good to see how far your experiment may ap- 
proach the condition for which this approximation is valid. 

From an estimate of the slope of ta vs E-*/2 curve deduce the value 
JU db and compare it with the value deduced from the PE curve. 


EXERCISE 4-G(i) 

In the experimental fa vs E curve the F value at too gives the peak 
height Uo of the potential hill. 

If the actual potential hill is replaced by a rectangular potential hill 
of height Uo and width b, 


ies Pettis 
Sa N 2 REU, YE 


(see Appendix IV-A for details). From your data compute b and compare 
this rectangular potential shape with the experimental one (Experiment 
4-C) for the same system. 

From the Ug and b values deduced above, now deduce a complete tu 
(calculated) vs E curve. Notice the departures and qualitatively suggest 
what changes in potential shapes would explain them. 

Do not feel bothered if no single suggestion explains even qualitatively. 
the departures in different regions of E. A given model leads to a unique 
prediction about the result; but a given result may follow from severa 
different models. That is why scientific research is a continuing process. 


EXERCISE 4-G (ii) 

Using the experimental U vs x curve for the same system (Experiment 
4-C) deduce the theoretical time-delays for two or three E values. 
Compare them with the experimental values. 


In Exercise 4-G (i) you were trying a ‘fit’ of ti vs E data with a model—the rectan- 
gular PE barrier. Here you are trying a+ ‘fit’ of observed t4 vs E data with the 
expectations from the experimental PE barrier, so as to see the validity of Newtonian 
mechanics. Why is an Exercise like 4-G(ii) not feasible in atomic interactions? 
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EXPERIMENT 4-H To study time-delay in’ passing 
through a simple potential well. 


The experimental details are the same as for Experiment 4-G. Only, 
the polarities of both Mg and Mı have to be reversed. One practical 
difference is that much smaller glider energies are needed in this case. 

Figure 4.15 gives the typical data of tə vs E, t vs E and t— t =ta vs E. 
Examine the curves closely. Firstly, you note that tu is negative. It means 
that presence of this potential makes the projectile go faster than without 
the field. Secondly, as E becomes smaller, the magnitude of ta becomes 
larger, tending to infinity as E—>0. 
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FIGURE 4.15 Variation of time delay with kinetic energy for a projectile 
Passing through a potential well region. 


RELATED EXPERIMENTS 


EX PERIMENTS 4-H (i) and (ii) 

Check the effects of changing the sensor positions, and glider mass on 
the ża vs E curve, as in Experiments 4-G(i) and (ii) respectively. 
EXERCISES 4-H(i) and 4-H(ii) 

These may be done exactly as Exercises 4-G (ii) and (iii) respectively, 
using the potential well as shown in the inset of Fig. (4.15). 
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EX PERIMENT 4-H (iii) 

Consider a rectangular potential well of width b and depth Uo. The 
experimental fu vs E curve gives no clue for U, as it did in Experiment 
4-G. Therefore use tu values at one pair of E (say E and E.) to deduce a 
pair of U, and b values, as explained in Appendix IV-A. That describes 
the rectangular potential well fitting into the observed ta at the chosen 
pair of E values. 


You will notice, however, that for different pairs of E1 and Ez, you do not get 
identical Uo, b pairs. It only means that the rectangular—well model needs refinement. 
That is how a theoretical physicist collaborates with the experimental physicist. Model, 
predictions, observed deviations, improved model, revised predictions, finer observa- 
tions, further improved model, and so on! Sometimes the whole structure of the model 
breaks down and we have to start afresh—the final test is of experiment alone. 
Science is experiment. No model which does not bear the scrutiny of experiment 
can survive. 


APPENDIX IV-A 


DEDUCTION OF POTENTIAL PARAMETERS 
FROM TIME-DELAY 


1. The Basic Equation ` 


In Chapter 2 we have shown how the travel time of a body may be 


computed from a knowledge of its total energy and the potential energy 
diagram. Equation (2.8) may be put-as 


2 
m 1 
ext m t 
“= Jala gx 
1 


where m is mass of the body, Æ its total energy, U is the/potential energy 
as a function of x, and ż is the time of travel between two locations } 


and 2, If to is the time of Passage over the same region in the absence of 
the field (U=0), we get 


Hence time-delay is given by 


2 
m 1 1 
tu =t-t= | 2 are) dx .. 1V-A(1 
i E | [z TE |e p 
1 


For a given form of the potential U, the t 


ime delay thus depends on the 
initial kinetic energy K= 


E of the projectile. 
2. Case of a Rectangular Potential Hill or Well 
Consider a rectangular potential hill of height Uy and width b 


x —> 


FIGURE IV-A (1) A rectangular potential barrier. 


(Fig. IV-A(1) ]. The potential is uniquely defined by these two para- 
meters only. 
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Since U = Up throughout the width b, Equation IV-A(l) gives 


os 1 eal 
ta {2 (7E, VE 4? .. .IV-A(2) 


From the ta vs E data we may now choose any pair of E values with 
corresponding experimental tz values, so that two constants Uo and b can, 
in principle, be uniquely determined from the observations. 

The same procedure will apply for a potential well of rectangular 
shape. 

If the experimental tz vs E data are collected for a rectangular potential 
well or hill, then the computed Uo and b values should be independent 
of what pair of E (and corresponding ts) was chosen for the computation. 
You may think of the converse that if all paizs of observed tu and E 
values substituted in Equation IV-A(2) lead to the same values of Uo and 
b the potential may be of the rectangular shape defined by Uo and b. 
This converse, however, may not hold, as you will see later (§ 5). 


3. An Actual Potential Hill or Well 

For simplicity of mathematical treatment any real unknown potential 
may, in general, be approximated to a rectangular hill or well. Figures 
IV-A (2a and 2b) show that no unique approximation may be satisfac- 


Two rectangular 
approximations 


c— 
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= 
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FIGURE IV-A (2) Approximating a general potential hill or well to a 
rectangular shape. 


tory. In such cases the values of Uo and b deduced from Equation IV-A(2) 
will be found to vary with the pair of E and t: values used in their 


deduction. 
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For a potential hil/ there is one special feature. The experimental ta vs 
E curve would show tg >œ at a lower limit for E, which therefore gives 
you an upper limit for Up. Then one deduces the corresponding b by 
using ta for any one value of E in Equation IV-A(2). This b, for an 
actual potential hill, will be found to vary with E—indicating that the 
actual hill is different from the rectangular shape. 

A refinement of the model may proceed as explained below for a 
potential hill. We approximate the actual potential to a two-step rectan- 
gular shape. [Fig. IV-A (3)]. Assuming symmetrical form, four constants 


FIGURE IV-A (3) Approximating an actual potential hill to a two-step 
rectangular potential hill. 


are now involved Uo, U'o, b'o. and b'o You now get the time-delay 
equation: 


o=|/2 aS E ae Gl che Of fee Ma 
DIMES) VE ANEA E a\ 

To deduce the four constants you use four E values with corresponding 
experimental ty values. Once again, as you change the quartet of E 


values, the constants Uo, Uo’, b, b' change—indicating that a further 
refinement in the model is needed (see also § 5). 


4. Two Approximations 

In the case of a potential hill, the minimum E for which ta data can 
be had equals the peak height of the potential hill. If we call it Uo then 
Equation IV-A(2) can be simplified in two cases: (i) Up <E<2Up; and 
(ii) E SUo. 

For Uo <E& 2Uo we can put 

E = Uo (1+«), where «<1 
For this case Equation IV-A(2) can be reduced to 


ea (ee gorre NE b(E—U,)"1'* —, . .TV-A() 


Thus in this energy range one would expect ty to vary as (E-U)-1)2, 
You may experimentally check it. Alternatively you may take several Æ 
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values in the neighbourhood of U, and deduce b values from this equa- 
tion. The variation of b will show the extent of departure of the actual 
potential from the rectangular model. 

For E > U,. For this case Equation IV-A (2) gives 


g= W M (Ub) Eje = AV-A(4) 


Thus for large E values the time-delay varies as E~*/?. Since the pro- 
duct U.b comes out now as a single constant, you may see that the 
observed tu for a given E does not give Uo and b separately. In effect 
this means that what you get as U, b is X U; b; for a multistep potential 
or JU db (area under the U vs b curve) for a smooth curve. Data at 
large E will therefore not distinguish between different potential shapes 
with same area. (If U, is determined from tu —œ at E=U,, you would 
get a unique b so far as data in the range E>U, are concerned). It 
means that only the data at E near Us will tell you how far the actual 
potential departs from the rectangular model. 

In the case of a potential well U is negative. If Uo is the magnitude of 
this depth, Equation IV-A(2) becomes 


m : L AVAG 
a Jz ET VE J ee 


The two cases of interest in this situation are (i) E<U., where we may 
put E=2U,, where x < 1; (ii) when E > Up. 
For E=2U,, 2&1. Equation IV-A(5) gives for this case 


ie af Be . p| ee & up| sg Bb. EAs .. 1V-A(6) 
l 


Thus one may think of checking E~?/? dependence of t4 in the very low 
energy range. However, for an actual potential (which is not of rectan- 
gular shape) the departures start from quite low values of E. 

For ESU,. Equation IV-A(5) now gives 


1 


t= — NE (Uob) E~]? . . LV-A(7) 


which is the same as Equation IV-A(4), except for the negative sign. 
Comments made under Equation IV-A(4) are therefore applicatle for 
this case also. 


5. A Snag in Deducing the Potential Form 

Let us consider a hypothetical case where ta vs E data for (say) a 
potential hill fit into a 2-step rectangular potential like that of Fig. 
IV-A(4i) for all E values. It means that from observed ty at four E 
values you got the four parameters Uo, U.', b, b' and then you checked 
that for all other E values the observed fa matched with the calculated tu.“ 
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Now, let us have a look at the potentials of Figs. IV-A (4 ii to iv). 
Each involves only two heights as in Fig. IV-A (4i), but the widths 
are distributed differently, total widths remaining unaltered for each U 
value, Since time-delay is additive for non overlapping potentials, the 


5 


(i) 


(ii) 


(iii) 


(iv) 


x —> 


FIGURE IV-A (4) Alternative equivalents for a two-step rectangular 

Potential for ideatial time-delay, 
measurements—whether at low, high, or intermediate E y 
make absolutely no distinction b; 


INELASTIC 
COLLISIONS 


5.1. INTRODUCTION 


So far you have dealt with collisions in which the target was rigidly 
clamped and the kinetic energy K of a projectile after passing through 
a field was equal to that before entering the field. In such cases the 
collision is said to be elastic.” 

An inelastic collision is one in which the equality of DK, before and 
after the collision does not hold. For a single projectile interacting with 
a field it means that AK defined by 

K (after)--K (before)= AK SA 
is not zero. AK negative would mean that some part of K (before) has 
gone into some internal modes of excitation of either the field magnets 
or the projectile or both.** AK positive would mean that some energy 
is transferred from the internal modes to the kinetic energy of 
translation. 


5.2. INTERNAL MODES OF A SYSTEM 


Consider the arrangement of Fig. 5.1, in which one of the field magnets 
(here Mo’) is so mounted that it can oscillate about a mean position. The 
oscillations could be linear ones (|| or L to the track, or in any 
direction), or angular ones, depending on how Mo’ is mounted. In general 
these oscillation modes are called internal modes of M'o. In fact both 
Mo’ and Mo” could be mounted so as to be free for oscillations, either 
jointly or separately, and one of them could have linear and the other 
an angular degree of freedom. In general every motion other than trans- 
lational is defined as an internal mode and each such internal mode will 
have its own energy, called internal energy Emt depending on the 


* In the experiments of Chapter 1 the target was not clamped and could share 
kinetic energy with the projectile, but the sums ZK, before and EK after the 
collision were equal. That too was a case of elastic collision. 

** We are excluding dissipative interactions, i.e., those in which part of the energy 
gets converted into heat. ý 
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amplitude of oscillations.* Conservation of energy then gives us. 
AEim=— AK ase SR) 


Mo É 
p Æ Clamped 


= a a  —_ (o) 
Mı 


(c) 


FIGURE 5.1, Three of the many possible ways in which an internal 
mode may exist in the ‘target’ (the field magnets), 


If you experiment with a projectile and a target, then a non-zero value 
of AK would give you the information that the target (or the projectile) 
has an internal degree of freedom or an internal mode. From a study 


of how AK depends on Various parameters, youmay get valuable infor- 
mation about these internal modes. 


the vibrations of the atoms relative to 
bout an axis are internal modes, Inelastic 


- Hertz experiment. 


ı their kinetic energy 
K after collisions with the gas atoms is measured, Experimental evidence is that 


K comes out to be either Ko or Ko—€, or Ko—€. or Ko—€3.,.. where €1, €s, €g 
- ++. have definite discrete values for the given element. It is thus an experimental 
evidence that the atoms of the element concerned have internal states with energy 


differences given by €1; €2, €3. .. and can have no intermediate energy states. 


* If the projectile has a ‘structure’ (is made up of components) there could be 
‘internal modes’ there tog. For example an atom used as a Projectile can itself go tọ 
an excited state, 
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Another good example is Raman effect. When photons with energy hvo are sent 
through the sample their energy after collisions comes out to be hvo or A(vo — yı) or 
h (vo — ¥2) or ht (vo — vg), etc., Where v1, Y2, Y3 etc., have discrete values for molecules 
of the sample. So we learn that the molecules of the sample have internal modes with 
energy differences given by Avı, Ave, hva, ete. 


The experiments in this chapter are meant to understand macroscopi- 
cally how the energy transfer in inelastic collisions may depend on 
various parameters of the projectile or the target. For this purpose an 
internal mode with variable parameters is provided to one or both the 
field magnets, which act as the target. 


5.3. GENERAL DESCRIPTION OF THE ARRANGEMENTS 


There is a wide variety of methods for providing an ‘internal mode’ in 
the kind of systems you have been studying. Of these, two are described 
below. i 

In Fig. 5.2 (a) a pair of magnets Mo’ and Mo” is shown mounted in a 
rigid frame capable of oscillating about an axis O O' such that the magnets 
oscillate jointly on the two sides of the track and parallel to it. The 
interaction energy (PE) is again like that of Experiment 4-A or 4-B. 
The oscillation frequency and energy are given by expressions applicable 
for a rigid pendulum. However, one could replace the rigid rod OA bya 
steel strip clamped at end 0. 


Gan SE =e nn — The trock_ 
(a) Mi 

———- o> — 

(b) Mı 


FIGURE 5.2. Two internal mode mechanisms used in the experiments described in 
this book, (a) Pendulum like oscillations of the system of field magnets (b) Torsional 


oscillations of one of the two field magnets. 
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Figure 5.2 (b) shows the arrangement devised for giving one of the two 
field magnets a torsional degree of freedom. A steel strip AB is held 
vertically between two clamps 4 and Band the magnet Mg is mounted 
horizontally on it. The restoring factor C may be changed by shifting the 
sliding clamps P and Q and the moment of inertia J may be changed by 
mounting loads D, D at variable distance on a brass Tod att 
with the magnet mount. Figure 5.2(c) shows 
set-up. 

The frequency of torsional oscillations is given by 


= ol ta 
= gfe ... (5.3) 


and the oscillation energy by 
Ein =}C0? 

where 0o is the angular amplitude of oscillations. 

Some of the special features of this arrangement are that the inertia 
factor J and restoring factor C can be varied independently, and that y 
can be varied over a wide range and with ease. 

The projectile M; has no freedom for rotat 
axis; this amounts to saying that the 
moment of inertia* about this axis. 
transfer simpler. 

We shall concentrate 
system. However 


ached rigidly 
a photograph of this 


EIEN 


ory motion about a vertical 
projectile effectively has ‘infinite?’ 
This makes the analysis of energy 


art on the use of this 
as a feature that M, does 
xis OO’. On this account 
with it. We shall describe 


xample, 
OF THE ENERGY TRANSFER 
The energy of torsional oscillations is given by 


Eimt =} 162 naz=} C02 man FG)’ 


elocity and 


ve** 
w 
Oma S wE) 
The change in the oscillation energy between any two states of different 
amplitudes of the oscillator is given by 
AEm =4}C. A (8%naz) ED 


meaning with the context. 
** Within the limits of accuracy desired, 
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In Equation (5.2) we have suggested that a measurement of AK leads to an evalua- 
tion of A Eint. In the experiments on molecular and nuclear physics the measurements 
are made that way, i.e., we measure K (before! and K (after) and from the measured 
AK we infer AEimt, However, as you will see in the present experiments, the 
magnitude of ÀK is quite small relative to the K values. Therefore even small errors 
in measurements of K ibefore) and K (after) can make a big error in AK and hence in 
AE nt, For this reason we propose to measure AEixt directly by measuring Daz 
(before) and Omas (after) and using Equation (5.7). 


5.5. PRELIMINARY EXPERIMENTS 


(a) Determination of Constants of the Internal Mode 

For the torsional oscillator [Fig. 5.2(b)] measure the period of oscilla- 
tion (7). Then increase the moment of inertia by adding two equal 
masses (m each) on two sides of the brass rod at equal distances (a each) 
from the strip axis. Measure the period again (7’). Since increase in the 
moment of inertia is 2sa", Equation (5.3) gives 


Z 8z°ma? 
C (r-I)= fal 


Thus the torsional couple per unit twist (C) is determined. Then using 
Equation (5.3) you can deduce T. 


TB Tine © br ewe SS), 


(b) Determination of the Torque Q ys Projectile Distance x 

Set up the arrangement shown in inset of Fig. 5.3. Hold the glider Mı 
at different distances x from the centre of Mo’ Mo” and measure the 
steady angular deflection of Mo’ (see $5.4), If the deflection is 0, the 
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FIGURE 5.3. Variation of torque 2 on Mo’ with distance x, 
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torque is given by 


Q=C9 sg HERS) 
where C is known from Experiment (a). Thus the Q vs x curve is- 
obtained. This will depend on the Separation d between Mo’ and Mo’. 
Figure 5.3 shows the typical Q vs x curves for three different d values. 

It will be a good idea to change the C of the torsional 
strip length, Fig. 5.2(b) 
are independent of C. 


oscillator [by changing the 
l and to repeat the © vs x measurements to see that the results 


The 2 vs x measurements may also be done with the transverse arrangement of M'o 
and Mo” (Fig. 4.4). The shåpe of the curve may be quite different. 


EXPERIMENT 5-A To study the energy transfer as a 
Junction of projectile energy or 
velocity. 


With the arrangement shown in the inset of Fig. 5.4(a), keep Mo’ 
initially in the non-oscillating state, fire Mı with different kinetic 
energies K (sensor not shown) and measure the resultant oscillation 
amplitude Omaz developed in Mo! (see Equation 5.6). The energy absorp- 
tion AEm is given by 1C0% nes where C is known from preliminary 
experiment [$ 5.5 (a)]. 
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comes maximum may be called the 


INELASTIC COLLISIONS 91 


resonance value-yr (or Kr). The corresponding energy absorption may 
be called the resonant absorption. 

When does a resonance phenomena occur? What factors govern the 
energy absorption curve? The next few experiments are meant to 
investigate this. 


RELATED EXPERIMENTS 


EX PERIMENT 5-A(i) 

Experiment 5-A may be repeated with magnet Mı reversed in polarity 
but with the same geometry otherwise. See whether the results remain 
invariant. Would you expect that? 


EXPERIMENT 5-A(ii) 
Experiments 5-A and 5-A(i) may be repeated with the magnets perpen- 
dicular to the track like Fig. 4.4. 


EXPERIMENT 5-B To study the dependence of the 
absorption curve on the projectile 
mass. 


Repeat Experiment 5-A with the same geometry, but with mass of 


a 


AE in (102% erg) 
N 
Lm 


o 4 8 B 16 
K.E. of the projectile .K (105erg ) 


FIGURE 5.5. (a) Variation in A £int with kinetic energy for different 
projectile masses. 
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the glider changed in a few steps. Thus a given velocity v now corresponds 
to different K values and vice versa. Figures 5.5(a) and 5.5(b) show the 
AEm vs K and AE; vs v plots of the data of an experiment with three 
different masses of the glider. 

You note that the absorption curve showing A Ej vs v is independent 
of the glider mass. Thus the energy transfer for a given geometry is a 
function of glider velocity v and not of the glider kinetic energy K. 

You may note that the energy fed to Mo’ is in torsional oscillations. As Mo. 
experiences a torque the glider My experiences an equal and Opposite torque. But it is 
not free for angular displacement: i.e., its related moment of inertia I is infinite. The 


‘collision’ therefore does not change in nature with changing mass: it depends on I and 
that is infinite for all projectile masses.* 


However, it is advantageous to use a more massive projectile for another reason. 
“You often use the approximations** 


KSU and KDE int 


è, For glider mass 138 gm 


Ryo ” m  182qm 
a5 i 292 qm 


2 
Energy absorption, A Ein (10 erg) 
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Projectile velocity v Com sexly 
FIGURE 5.5, (b) The same data Plotted on A Eint vs v 


Since the potential energy U and energy 
interactions, incre 


graph. 

int are primarily due to magnetic 
alone and make the approximations more 
are ~10,5 104 and=103 erg respectively. 
arger takes you nearer the approximation by 


1 transfer AF 
asing m would increases K 
valid. Typical values of K, U and AE 
Making the Mo Mo" separation 1 
decreasing both U and A E;n. 


int 


* You may expect a different result i i i 
if the oscillator is of the ki i 
2 pent e kind show: 
Fig. 5.2(a). Thus the same projectile responds differently with different A R 
Experiment 5-F. ‘ att 


See 
** See Appendix V-A(2). 
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EXPERIMENT 5-C To study the dependence of energy 
absorption on the restoring factor 
C of the internal mode. 


Repeat Experiment 5-A changing C in steps, but keeping the moment 
of inertia J unchanged. In each case measure C as described in § 5.5 (a). 

Figure 5.6 shows the typical results of an experiment. You notice that 
as C increases the energy transfer decreases at all values of the projectile 
velocity. Also the resonance velocity vr increases with increasing C. 
You may list the corresponding vr and C values and then hunt fora 
possible relation between them. Similar'y you may list the peak values 
(AEma+) of the absorbed energy and the corresponding C values and 
hunt for a possible relation between them. In experimental work these 
are called correlations. and they help you in building up a model. 

You will find, for example, that yr comes out closely proportional to 
\ C. You do not know whether this will hold for all ranges of C and 
for all similar systems. So you may say that in the observed range 
vrv C. But a Jittle thought may tell you that this is as good as saying 
that yx.7 is constant (why?) In the latter relation both vr and T are 
measured quantities, and the product has the dimensions of length. 


6 Effect of varying C 


(I constant at 863X10 gm cme 3 


COS dy cavrad) T (sec) 
an (@) es 3.5 - 0.987 


wm 
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E 


1 
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FIGURE 5.6. Variation in curves 5.5 (a) for different C. 


From the data of Fig. 5.6, vrT comes out to be ~32 cm. Since the 
energy take-up is related with torque Q, you may have a look at Fig. 5.3. 
For d=24 cm, Q(max) and Q(min) occur at a separation of ~16 cm, 
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(=b, say) and thus you may infer that vrT/2 equals this length. We 
repeat that this may not be a general truth; only experiment will tell 
you. But such inferences are useful for interpretation. For instance 
vrT|2==b would mean b/yr=T/2, that is, the energy transfer is maximum 
when the time taken by the projectile to travel from Q(max) to Q(min) 
position equals half the oscillation period of Mo’. 

Notice that we have not yet gone into the mechanics of the energy 
transfer. Yet the experimental data lead us to inferences if we study the 
effect of varying the parameters. 

As regards AEmaz you may find that it comes out proportional to 1/C. 
You do not yet know why. But in the range of the observations you find 
the correlation CAEmsz—=constant for a given J. As an experimental 
step this is in itself significant. We note the two correlations: 


yr . T=constant 


(for a given 7) 
and C . AEmaz=constant 


You may wonder whether the entire curves can be correlated with one 


another, rather than only the peaks.* But we shall wait for more data 
before we go into that attempt. 


RELATED EXPERIMENTS 


EX PERIMENT 5-C(i) 


You may repeat experiment 5-C using a different d value (Mo Mo" 
separation) to see whether the constancy of vrT and C. AEmaz=cons- 


tant hold in that case also. Are the values of the constants the same as 
in Experiment 5-C? Why would you expect changes, it at all? 


EXPERIMENT 5-D To study the dependence of the 


absorption curve on the inertia 
factor I of the internal mode. 


Repeat Experiment 5-A, changing the moment of inertia J in steps (by 
shifting the loads symmetrically), but keeping C constant. In each case 
measure the period T to deduce 7 as described in § 5.5(a). 


Figure 5.7 shows the typical results of an experiment. You notice that 
as J increases the entire AE;nt vs » curve contra 
lower v values. The resonance velocity vr decreases 
values of Emax remains almost independent of 7. 


cts and shifts towards 
as I increases. But the 


* Such correlations have been found in Physics in many cases—like, the blackbody 
spectra at different temperatures or the specific heat curves for simple solids at low 
temperatures. 
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List the corresponding vr and J values and search for a correlation. Or, 
you may try a correlation between rx and T. You will find that in the 


Effect of varying I 
C constant at 1075X105 dycm/rad 
LOUOŠgmem?) T(sec) 
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FIGURE 5.7. Variation in curve 5.5 (a) for different I. 


range of observations vrT comes out constant, just as you got in 
Experiment 5-C, where T was changed by altering the spring factor C. 


15 
TE T 
(a) 363x10°9mem2 0.563 Sec 
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FIGURE 5.8. Variation of A Eint with vT for different I 
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There may be more in the data than what catches the eve. In Fig. 5.8 
we show a plot of Em: against vT (instead of 1). You may note that 
the graphs for all J values nearly: coincide, the departures being more 
serious in the range of small vT. 

In Experiment 5-C we have found that CA Emu: comes out constant. 
We now try a fit of the entire set of curves by plotting C. AE mw against 
yT for all the data. Figure 5.9 shows the plots for 7 different combina- 
tions of C and J, and you may note that all the points fit close to a 
single curve. 

Since the dynamics of the interaction is known, you may try to 
understand why such a correlation should exist, and what approximations 
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FIGURE 5.9 The data of Figs. 5.6 and 5.7 plotted on a C, A Eint vs. v graph, 


are responsible for the serious departures in t 


he low vT range, Appendix 
V-A discusses the matter in some detail. 


Inelastic collisions of electrons, p 
in the study of the structure of atoms, 


à - The essential point is that 
it shows a peak 


3 ge in such analysis is 
ween a wide range of data, 


* See also Chapter 6 for a closer look at ‘resonances’ from another angle. 
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FIGURE 5.10, The resonance observed when beams of high energy electrons and 
positrons collide. The ordinate shows the cross-section for annihilation of e and 
e~. This resonance led to the discovery of a new elementary particle (named -) by B. 
Ritcher and S.C. Ting independently in 1974, The Nobel Prize in Physics for 1976 
was awarded to both of them. This graph is taken from a review by A.M. Boyarski 
and others, Phy, Rev. Lett. 34. 1357, (1975)] 


In your present experiment the model has so many constraints.” Even so, the 
richness of information may be noted. Without any correlation, the richness would 
be like that of a forest; with the correlation found, the picture becomes attractive, like 
a well-laid garden. 


RELATED EXPERIMENT 


EX PERIMENT 5-D(i) 

Change C in several steps and cach time adjust Z in such a way that 
period T remains the same. Now repeat Experiment 5-A for all combina- 
tion and plot Ej; vs v data on the same graph. Comment on the 
results. 


*Two of them being that M1 is Constrained for linear motion along the track only 
and Mv’ is constrained to have only rotatory oscillation about one axis. 
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To study the effect of phase relation 
on the energy transfer. 


EXPERIMENT 5-E 


Unlike the experiments so far, in this experiment you have to keep 
My’ initially in an excited (oscillating) state and then measure the 
energy transfer to or from it when the projectile My is fired with a given 
velocity v. You would expect A Ej: to depend strongly on the phase of 
My’ when M; passes through. 

Set the firing arrangement MoM, with spacer of width s, keeping 
the release distance of M, from the centre of Mo’ Mo” at a large 


value (>100 cm). Also hold the oscillator magnet Mo’ turned by an 
angle 0o. 


Now release Mı and Mo’ simultaneously. Mo’ will start 
oscillating and may gain or lose energy as My passes through the field. 


Measure the amplitude 09’ for the oscillations of Mo’ after Mı has 
passed through.* The 


energy gain by the oscillator is AEm= 
4 C (Oo' — 892). 


Projectile energy =14.7x104 erg 
Well depth =5.2 x104erg 
A Peak JAE] = 4 x10 erg 


1=8.63xI103gmcm@ 

C =10:75x105 dy/rad 

T =0.563 sec. 

E Cinitial) =6.65X103erg 


Projectile velocity =46.2 
cm/sec 


Energy absorption A Eint 1O3erg ) 


FIGURE 5,11. Effect of phase relation on energy absorption. 


You now change the release distance (x) by successive equal steps Ax 
(say, 1 or 2 cm) and Tepeat the experiment, keeping the release velocity v 
of M, the same every time (i.e., using spacer of a constant width s). In 


*Damping of the oscillator is so small that energy loss due tout in. a few: oscilas 
tions may be neglected. 
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doing so you are changing the time of arrival of Mj, at the field centre by 
steps of Ax/v, and thus the relative phase between the projectile and the 
oscillator by time intervals of Ax/v.* Draw a graph between A Ein: 
and x. 

Figure 5.11 shows the results of one such experiment. You find that the 
energy transfer becomes alternately positive and negative as x changes 
Thus for the same system the energy transfer depends on the phase of 
the oscillator at the instant the projectile reaches the field centre. 
The projectile takes time x/v** to reach the centre of Mo’ Mo”. This time 
divided by period T gives the number of oscillations (7) completed by 
M as M, reaches the field centre. This n provides a measure of the 
phase. 

Figure 5.11 shows that maxima of AEjn occur at x=22,48 and 73 cm. 
For v=46 cm/sec and T=0.563 sec, these correspond to times n=0.85, 
1.86 and 2.82 respectively. If you take these as roughlyf 2, 3 and 4 
respectively, the conclusion would be that AE is maximum when the 
oscillator has |0] maximum (hence 6=0) at the time the projectile 


reaches the centre of Mo’ Mo”. 


In Fig. 5.11 you may notice that the separations of the peaks of Eint onthe x 
scale are equal (~ 26 cm) and that this quantity is equal to vT (~ 26 cm). Should 
this be a general truth, irrespective of what v or T values are chosen for the experi- 
ment, and irrespective of the C and I values of the oscillator? Should the peak value 
of Eint depend on y? 

Another fact may be noted in Fig. 5.11. The scatter of experimental data is quite 
large initially (at large x), but reduces considerably as the release point nears 
MoMo”. This is because v is not rigorously reproducible for a given spacer separa- 
tion s. An error Av causes a greater error in phase when the distance is larger. 


RELATED EXPERIMENTS 


EX PERIMENTS 5-E(i) 

With the same set-up repeat Experiment 5-E with a different projectile 
velocity w (i.e., using a different spacer for firing M,). Notice and 
interpret the changes in (i) the repeat distance of the AFin vs x curves 
(ii) the height of the maxima of AZin:. Figure 5.12 shows the results 
of a typical experiment. 


* Although the travel time of Mı to the middle of Mo’ Mo’ is not equal to x/y, the 
change in this time is equal to Ax/v, so long as the release position is well outside 
the field region. 

**Assuming that the energy transfer and the PE of the system are both much 
smaller than the KE of the glider. 

{This is not a good approximation and the data may really need more analysis. 
Possibly the effect of the PE curve in changing the projectile velocity may also have 
to be taken into account. More important is that n change in steps of 1. 
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FIGURE 5.12. Dependence of AE;nt amplitude and its periodicity 
on the projectile velocity. 
EX PERIMENT 5-E(ii) 


With the same set-up repeat Experiment 5-E with a different initial 
amplitude Uy of the oscillator. See whether the repeat distance of the 
AE im: vs x curve changes and whether the peak values of A Ein: depend 
on 09; if so, how. 


There is a special interest in this. The initial oscillation energy is $C0," and while 
the increase of E;n! cou!d be of any magnitude, the decrease cannot be larger than 
4C0,". Therefore the symmetry about the x-axis seen in Fig. 5.11 may not always 
be observed. From this point of view ‘emission’ and ‘absorption’ of energy by 


an oscillating system like Mo’ are not fully symmetrical processes. But it is 
instructive to do the experiment. 


Having observed the maximum AFint is an 
Experiment like 5-E, you may set 0o for this experiment at 1.0, 0.8, 0.6 times of 
that value and sce the results, 


EXERCISE 5-E(i) 


From the data given in Fig. 5.11 compute the extreme per cent changes 
in the projectile velocity due to the energy transfer AEim. You may 
make a similar calculation for change arising from the PE of t 
M,+Mo'—M,". How will the latter calculation change 
potential hill arrangement of polarities instead of a well? 


he system 
if you had a 


In atomic and nuclear experiments you are generally dealing with projectiles of all 
kinds—electric monopoles (charged particles), magnetic dipoles (as in neutrons), 
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etc. These projectiles pass at various distances from the nuclei and the induced dipole 
is generally a serious matter for consideration of the interaction. Therefore there is 
no reason to expect that the experiments done by you with magnetic dipoles will 
have direct correlation with what you observe in atomic and nuclear experiments 
But the fact that resonances occur for energy transfer is the most significant part of 
the experiments. The dependence of these resonances on the various parameters is a 
game any experimentalist must play before he can use the data for interpretation. 
In fact, at the moment it appears that in physics the experimentalists have outstrip- 
ped the theorists by collecting a large volume of data on resonances of all kinds, 
which have yet to be satisiactorily explained. Mysteries of nature are unlimited —the 
more we learn, the more we come to know of things that have to be learnt about. 


EXPERIMENT 5-F To study the energy transfer to a 
different mode of the target 
oscillator. 


All the Experiments 5-A to 5-E described so far relate to the arrange- 
ment of Fig. 5.2(b) for the oscillations of the field magnet Mo'. Now, 
you may mount M'o Mo” in the manner shown in Fig. 5.2(a) and repeat 
all the experiments. 

Figure 5.13 shows the results of one experiment with the oscillating 
system working as a compound pendulum. Since the spring factor C and 
inertia factor J cannot be changed inGependently in this case, analysis 
is difficult. (You may use a steel strip arrangement as suggested earlier). 
But all the same the rule ‘rT =constant’ appears to be obeyed here also. 
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FIGURE 5.13. AEmt vs v curves fora different internal mode of the 
field magnets Mg’ Mg’, 
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Since the mode of oscillation is different in this case you may get 
some results different from those you got earlier. For instance, Experi- 
ment 5-B may have special features. We will not take away your joy of 
discovery and intelligent analysis by describing the results, 


In any experiment in Physics a given projectile may interact with different modes 
of the system under study in different ways. Conversely, a given mode of the system 
may interact with different Projectiles in different ways. As one example, infra-red 
light passed through COs gas would not excite the symmetric vibration, though it 
excites the antisymmetric ones, In contrast, in Raman effect (modified scattering of 
visible and ultraviolet light) it is just the reverse. Nature of the mode and the 
Projectile is thus a matter of some importance in inelastic scattering. 


A Note of Caution on Analogies 


Analogies from elementary physics are of great use 


in enriching your 
awareness so that when new 


physics is to be explained, you have a whole 
lot of ideas stacked away in your mind to draw upon. True, there have 
been cases in history when Scientists, not completely conversant with 
earlier theories, have come up with new ideas that work excellently for 
the latest developments. But this is very rare. ~ 

At the same time, you ought to be ver 


y cautious in jumping to extra- 
polations from elementary ideas. 


It would be tempting for you after 
studying Newtonian systems and resonances to look at the particle 
Tesonances and say “I will start on a classical model now.” 
Strongly urge that it would b to learn a 
considerable amount of modern physics, quantum mechanics, etc, before 
particle physics, 


APPENDIX V-A 


ANALYSIS OF ENERGY TRANSFER IN INELASTIC 
COLLISIONS OF DIPOLES 


1. General Considerations 
Figure V-A (1) shows a magnetic dipole Mı (hereafter called the 
projectile) passing between a pair of identical dipoles My’, Mo”. The 


Clamped 
Mo 
k—— x — b 
Uee = e e e 
Mi 
b 
(e= Mo 


FIGURE V-A (1) The configuration used in energy transfer experiments. 
M1 is the projectile; Mo’ has an internal mode. 


constraints are : (i) Mı is free only for motion along with the track AB; 
(if) Mo” is neither free for linear motion nor for rotation; (iii) M'o is 
not free for linear motion, but can have torsional oscillations in a plane 
containing Mo’ and the track, for which it has a specified inertia factor 
I and spring factor C. 

Between the projectile My and the pair Mo’ +Mo" there is (i) a mutual 
force and (ii) a mutual torque. Since both Mo’ and Mo” have m-»co (no 
freedom for linear motion), neither of them shares translational energy 
on this account as the projectile passes. For angular motion, Mo’ has 
finite J and therefore it shares energy from the projectile. The energy 
transfer, called A Em, is given by: 

AE m=JSAd0=JQ6 dt ..+ V-A (1) 
where Q is the torque on Mg’ and 9 is angular displacement. However, 
since we neither know Qas a function of 6, nor corresponding Q and 
6 as functions of time these expressions are not useful. 

Actually we have to use Newtonian dynamics in the original way 
in which Newton used it.* It is now called The Method of Numerical 


*Integral calculus was developed by Newton. Prior to that his method for 
deducing planetary motion (and all dynamics for that matter) was the one being 
described here. With computers this method has now become of wide use again, 


particularly where integration is not feasible. 
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Integration. In this method time is divided into a series of equal small 
intervals (Aż) and changes in the velocity and position coordinates in 
successive intervals are computed step by step. 


2. Energy Transfer when the Oscillator is Initially Unexcited 


(a) The numerical integration. The initial conditions are 6=0 and 
§=0, and you have to use the equation 


t= ae <<- V-A (2) 


to deduce 6 and 0 at successive Stages as the projectile passes in the 
field of Mo’ and Mọ” to exert a torque Q. 


Before we proceed ahead we make tw 
(i) Q is a function of x alone, 
much smaller. 


(ii) The projectile velocity y is not appreciably changed due to the 
potential energy in the field and the energy transfer. 


o simplifying assumptions 
i.e., its variation with 0 is relatively 


_ Assumption (i) is better satisfied if the separation d of the Magnets Mo’ and Mo” 
is kept large. The torque Q on Mo’ is not the same at different 6 values; but if the 
total range of 0 is small and the sideways shift of poles is consequently small 
(relative to d), then Q depends primarily on x alone, 


With these assumptions the Q vs 
curve using the relation Ats(l/v) Ax. 
anywhere. 

Numerical integration now proceeds in the following Steps: 

Step 1. Divide the time scale into a se 
«++ Ati... **. Determine from the Q v 
the middle of the it” intervals, 

Step 2. Let and 0 at the start of the 
respectively. Then compute C0;, thence (Q; 
angular acceleration during the i!* interval, 

Step 3. Multiply 6; by At,, That gives Ab 
velocity during the it interval. 0;-+ A\6, gives 6 


x curve is converted to Q vs t 
The zero of time May be chosen 


Ties of small Parts Ati, At, 
S£ curve the values of Q; at 


it^ interval to be 0; and 6; 
—C0;)/Z. That gives 6,, the 


i the change in angular 


itle 


*If the well were changed to a hill, the velocity would decre: 


‘ase by 23 per cent, 
**These may or may not be equal. But they must be small. 
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Step 4. Deduce the mean* of #; and 6;,, and multiply it by At: 
That gives /\0;, the change in angular displacement during the it* 
interval. 0;- A0; gives 0;41. 

The process may be started from the moment where Q is nearly zero 
and may be carried on till Q ceases to be significant.** Thus you get a 
complete description of the dynamics: 6 vs ¢ and 0 vs ft. 

The energy at any stage may be deduced using 

Em =} CO?+4 702 


But it is instructive to plot QÔ against f to appreciate the variations in 
the rate of energy transfer in different time spans. 

Table V-1 (p. 111) gives a section of the complete table of computations 
with the parameters C and J corresponding to curve (a) in Fig. 5.6 and 
y==30 cm/sec. Time intervals of width 1/30 sec were taken for the compu- 
tation. You may notice how 6 and 0 deduced in each stage are used as the 
initial 6 and @ for the next stage. 

(b) Graphical representation of the resuits. Graphical plots of the 
computations of Table V-1 are shown in Fig. V-A(2). The x coordinate 
shows the glider position! and y coordinate shows the corresponding state 
of the oscillator in terms of (a) the torque Q applied by the glider; (b) 
the angular acceleration 6=(Q—C 0)/J; (c) the angular velocity 6; (d) the 
angular displacement 0; (e) the power QÙ, i.e., the rate at which energy 
is fed to the oscillator; and ( f) the energy Em: of the oscillator. t You 
may note from curve (e) that the major part of the energy transfer 
occurs in those two time spans during which the magnitude of Q is large. 

The dotted curves in Fig. V-A(2) belong to the case of a projectile 
with v=60 cm/sec in the same geometry of Mo’ and Mo”. By the time 
8 boes from positive peak to negative dip, the projectile moves farther 
ahead than the position where Q has maximum negative value; hence the 
dips in Q and 6 do not match well now and the second peak in Qô vs x 
curve is much smaller, That accounts for smaller energy transfer in this 
case than with v=30 cm/sec. 

(c) Condition for resonance. The condition for resonance (maximum 


*You may note that while Q; and ò; could be taken for the middle of the jt® 
interval, C9; could be taken only for the start of the interval. At the stage where 
Co; is needed you do not know 0;,,. Of (course, after step 4 you can go back to 
step 2 and make an improved calculation using mean 9; there. This is called the 
method of iteration, 

**After that Ë will be given by just—(C/I)9, which is the equation for simple 
harmonic oscillation without any change in energy. 

+Division by glider velocity (30 cm/sec) will convert the x-scale to time scale, 
Thus the separation of successive 0 peaks or 6 peaks is ~ 30 cm, which is equivalent 
to ~ 1 second. As listed on Fig. 5.6 the period for the oscillator in this case is 0.987 


sec. 
+tThe computed energy transfer comes to 6 x 10° erg, compared with the experj- 


mental value 5.5 x 108 erg [see curve (a), Fig. 5.6]. 
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energy transfer) is now easy to see. Comparison of the § curve with the 
Q curve on one side and the 6 curve on the other shows that after the 


2x10 dycm 


od 


-20 
FIGURE V-A(2) 


« Graphical plots of various Parameters computed in Table V-1 
initial stages Ë is dominantly governed by the — 
the internal spring factor of the oscillator. Thu 
from maximum positive to maximum negative v 
Q value changes from maximum Positive to m: 


Cô term (in Q— C8), i.e., 
s the time for 6 changing 
alue is close to T/2. The 
aximum negative over a 
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distance approximately 2L, where L is the length of the magnet. Thus the 
peaks and dips of Q and 6 curves would match if the projectile velocity 
is such that 2L/y=7/2, that is yT=4L. You may note, however, that a 
number of approximations are involved in this relation. 


3. Changes in the Energy Transfer Curves with Changes in the Oscil- 
lator Constants 
To see the effect of changing C or J or both on the energy transfer 
curves we will use a method in which multiple parameters in the 
numerical computation are changed in such a way that a given series of 
computations remains valid for the new situation except for change by 
constant common factors. 
Let us recall the steps in the numerical integration. The Q vs x curve 
is changed to Q ys ¢ using the relation 
Ax: = vAti ... V-A(3) 
The Q vs ¢ curve is then divided into small intervals At; and the steps of 
computation are 
Q, — Ch: 
i 
Ab; = 6; Ati 
AO; = (Östh) Ate 
We shall now consider separately the effect of changing C and J. 
(a) Effect of changing the spring factor C. Let C change to C’ such 
that 


i= 


C'=rC 
We shall find what change in y would, if at all, keep the steps of 
numerical integration valid for the new situation. Let us try 


v'=qv 
Then to keep the same Q; values valid you have to change the intervals 
of time to 


4 1 
Ati= a At 


We also need C’ 0',=C0; if Ü; values have to remain unchanged. We will 
see later what relation of q and r factors satisfies this requirement. Now, 


ü; =0; 
` ; l, 
leads to Að; = = Ab; (hence = T 0;)* -< >. V-A(4) 
R ett al 
and A; = 7 A® (hence 0'°;= F 0;)* 


*what applies to Aé and AQ applies to 6 apd © also in this case, where both 6 
and 6 are initially zero. 
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This is because the change At; to At; brings in a factor I/g at each step. 
The requirement C’8’;=C0; now leads to 


f 0; š v2 
=E daed) 
or = = j= = F (since I=I') 
vT' =yT -.. V-A(5) 
Thus with change of C, if the condition V-A(5) is satisfied, the entire 
computation remains valid, with change factors given by Equation 
V-A(4). The new energy transfer is given by 


AE w= 3 C 0} + I O= SF AEn 


as can be seen by using Equation V-A(4). This means ! 
C'AE'm = CAE saa YAIO) | 
In essence, therefore, C’ A E'im has the same functional dependence on 
v', C' as C AEim has on v, C provided that relation V-A(5) is satisfied. 
(b) Effect of changing the inertia factor I Let J change to 7’ such that 
FSM 
We have to see what change in y keeps 
gration valid for the new situation, 


Let v change to v'=qrv. To keep the same Qi: values valid, we 
change At; to Ati=(l/q) Ati. Since Cis unch 
Tequire to arrange so that 0i=0:. We sh 
and q fulfils this. We h 


the steps of numerical jnte- 


have to 
anged in this case, we 
all soon see what relation of ; 
ave, considering Z’=rJ, and At’=(1/q) Ar— 

. 1 
ak UES -7 0; 
qr g?r 
means q?r=] 


t/= L. 6; 6/= 
r 
The last relation, in view of 0,'=0,, 
ANEI aa Te "ipa. T 
VAST J FALE ae 
where T is period of the oscillator. This means 
vT'=vT 
which is exactly the same as Equation V- 
or J changes, the entire computation re 
to keep yT constant. 
The energy transfer is given by 
s AE'm=} C (0244 T (0)2=AE 
as can be seen by simple substitution. 
Combining with the earlier result we can 
does not depend on», C and I separate] 
variable v7. 
Let us remember, however, 


that the results are valid only under 
the assumption that the projectile moves with uniform velocity. The 


A(5). Thus whether C changes 
mains valid if v is so changed as 


int 


say that the quantity CAE 


int 
y, but is a function ofa sin 


gle 
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validity of this assumption is Jess at lower velocities. Hence you may 
expect serious departures in that region. 


4. Energy Transfer when the Oscillator is Initially Excited 

Let the oscillator have initial oscillations with amplitude ĝo so that we 
write 

0==0y cos 7! V-A(7) 
=(y = pe 

assuming that time is counted from the instant when 0=0. The Q vs x 
data may be converted into Q vs ¢ data in the manner described before. 

Then we may use Equation V-A(1) to compute the energy transfer. 


AE -foda Zalif a si eE V-A(8 
iw = dt -= — T sin = . ++ V-A (8) 


In this we assume that the energy transfer (to or from the oscillator) is 
a small fraction of the initial energy of the oscillator to enable us to take 
0o outside the integral sign. The method to use Equation V-A(8) is to get 


è : t ps 
the corresponding values of Q and sin nae at different times, then to 


plot the product against time, and finally to find the area under the 
curve. Let us consider some typical cases. 

(a) Projecti’e velocity very low. For this case the time scale of Q ys t 
curve becomes very narrow; thus the case is equivalent to oscillator 
period becoming very large. In this case È changes very little during the 
passage of the projectile through the field region. Equation V-A(8) then 
becomes 

-AEm=20 f Q dd » AE = 


since Q is negative for as much time as that for which it is positive. 

(b) Maximum response condition. Figure 5.3 shows that thé torque Q 
changes from the -ve peak value to -ve peak value as the projectile 
travels a length nearly 2L, where L is the length of the magnets. For pro- 
jectile velocity v (neglecting the effect of the potential hill or well) this 
corresponds to time interval 2L/v. If the oscillator period T is such that 0 
reverses sign in just this time, then the product Q0 is positive in both 
regions or negative in both sothat AE,» gets the extreme ` ve or —ve 
value respectively. Thus for extreme energy transfer we need 


The actual AE, depends also on the proper phase condition. 
Figure V-A-3 shows (Q, 1), (6, £) and (QÔ, £) curves for three relative 
phases. The areas under the last curve are shaded and they give you 
AEm. You may see that for the threg cases AE; is maximum, zero 
and minimum. 
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p= 


FIGURE 5-A(3). Dependence of energy transfer on the relative phase of Q andô, 
The Q vs t curve is kept fixed and 6 vs t curve shifted in two Steps of T/4 each. 


Area under the 26 curve is shown shaded, 
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TABLE V-I 
NuUMBKICAL COMPUTATION OF THE DYNAMICS OF ACTIVATION OF 
TORSIONAL OSCILLATIONS IN A DIPOLE BY THE PASSAGE OF A 
PROJECTILE 
1 =8.63 x 10° gm cm? v=30 cm/sec 
C=3.50 x 108 dy cm/rad  At=1/30 sec 


xi Q 0; d: Co ü; Ade Öis Ab, Oin 
cn dycm rad rads* dycm rads 2 rads! rads rad rad 
£ x104 xI x107? » 107 x102 x10? 


0 0 8.07 —.125 282 —3.28 —10.9 —.234 —.598 7.47 
1 —0.40 7.47 —.234 2.61 —3.50 —11.7 —.351 —.975 6.49 
2 —0.80 6.49 —.351 2.27 —3.57 -11.9 —.469 —1.37 5.13 
3-210 5.13. —.469 1.79 —3.36 —11.2 —.581 —1.75 3.38 
4 —147 3.38 —.581 1.18 —3.08 —10.3 —.684 —2.11 1,27 
S =—1.70 1.27 —.684 0.44 —2.49 —8.29 —.767 —2.42 —1.15 


NOTE. Computation was made up to five significant places to avoid cumulative 
errors. But values are shown to only three significant places, which is the range of 
validity. Computation was made from xi = ~, 30 cm to + 30 cm: only a section of 


it is shown here. 


STUDY OF 
DAMPING IN A HARMONIC 
OSCILLATOR 


6.1. INTRODUCTION 


In the experiments of Chapter 3 and 4 you have seen that for oscillations 
in a general potential well the frequency v varies with energy E. In 
contrast, the oscillator used for the inelastic collision experiments of 
Chapter 5 was essentially harmonic, for which » is independent of E. 
In this chapter we shall study a harmonic oscillator. 

Ideal harmonic oscillations occur under a parabolic potential* 


y U=} Cl? v (GUL) 
where C is called rhe torque constant, or the restoring factor and 0 is 
the angular displacement. It is notable that oscillations in any general 


potential well, in the limit of small amplitude, approximate to the 
harmonic character (see Appendix VI-A). 


For a system with moment of inertia J about the axis of oscillation 
the equation of motion in the absence of an external torque is 
lü=— C9 EEE] 


The frequency of oscillation, as shown in Appendix VI-B, is given by 


ad st a u EEE 


The energy of oscillation (E) is given by 
E=}C0? 1762 


+» (6.4) 


he angular displacement and 
cady used these expressions 


where 09 and 09 are the amplitude of t 
angular velocity respectively. You have alr 
in Chapter 5. 


Analytically, the harmonic oscillation has the special feature 
can be expressed in terms of a single sine or cosine term. 
can be expressed as a sum of different sine or cosine t 
understanding of oscillations of a general kind, a study 
of fundamental importance. 


that the displacement 
Any general oscillation 
erms. Thus for a proper 
of harmonic oscillations is 


*We will use angular coordinates, because the experiments in this chapter involve 
angular oscillations. 
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6.2, THE DANPED HARMONIC OSCILLATOR 


An actual oscillator may differ from the ideal harmonic character in 
two ways: 

(a) The potential energy function may depart from the parabolic 
character appreciably (e.g., when the amplitude is large). 

(b) Some source of dissipation of energy may be present causing 
damping i.e., fall of amplitude with passage of time. 

We will describe just one experiment concerning (a). primarily to 
enable you to judge to what extent anharmonicity (departure from 
harmonic nature) may be neglected. For most part the experiments 
will be centred on (b), i.e. damping or dissipation of energy in an 
otherwise harmonic oscillator. 

* If an external torque Q’ acts on the oscillator when its angular 
velocity is 0, the energy transfer to the pendulum is* 

AE=JQ6 dt ETIE) 
If Q' has a sign opposite to that of 6 we have AE negative, ie., there 
is dissipation of energy. 

In the simplest treatment of damping one takes Q’ as proportional to 
the angular velocity and directed opposite to it. Thus 


Q'=—rb ... (6.6) 


where r is a constant of the system, called the damping factor. As shown 
in Appendix VI-C, the oscillation is then modified to the form 


ò= boet cos (og'i +8) eC GEY 

‘ r 
with aor .. + (6.84) 
and oo =(wp2—«2)1/2 . . + (6.8b) 


æ is called the damping coefficient and the resultant oscillation has its 
velocity amplitude falling with time according to 


bo (t) =00(0)e REN 
or with number of oscillations according to 

bo (2) =00(0) e*n .. (6.10) 
where a= T aE OY 


T being the period of oscillation. 


Appendix VI-C defines, among other quantities, the quality factor Q 
of an oscillator and shows that it is related with «',« and r through 


the relations 
ace (0:12), 


Thus high damping coefficient means low Q and vice versa. 


*Like Equation (Y-I), used earlier in discussing the energy transfer. 
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EXPERIMENT 6-A* To study the variation of period 
with amplitude in large angle 
oscillations. 


Figure 6.1 shows a rigid pendulum 4B hinged at O so that it can 
oscillate in a vertical plane, AgBo being the equilibrium position. You 
may release the pendulum from 9 as large as 
near 180°. It will oscillate, but the amplitude 8 
falls off rather quickly, because in hinged 
systems frictional loss cannot be made very 
small. For this reason period T cannot be 
determined by timing (say) 10 oscillations 
with a stop watch.* 


Set up a sensor at the position Bg and 
connect it to the timer, setting the latter in off Je 


the Ja Ja mode. The timer will now 
measure the time for half a swing (i.e., 7/2). il 


A 
Release the pendulum from some initial th 
deflection 69’, and measure the maximum up 
deflection 09 reached on the other side. The i 
T|2 measured by the timer is to be taken as ye 
the half period corresponding nearly to ay 
amplitude o (not 09’). Taking several data ot 
like this, plot a graph between amplitude 00 FIGURE 6.1. The rigid 
and period T. pendulum for large-angle 


: y 7 oscillations. 
Figure 6.2 gives the typical results of an experiment. Notice that T 


rises to over 3-fold as the amplitude approaches 0 

dT|d0o there indicates that ne Le eee hehe a 

it by some simple logic.) pba 
However, in the lower range of 09, the slope dT/dð starts from zero 

and shows a very slow change. You may compute the range of bo pèr- 

missible if period T is to vary relative to To (i.e., T at 09-0) by (i) less 

than 50 per cent, (ii) less than 10 per cent, (iii) less than 0,5. per cent, S 


SUPPLEMENTARY EXPERIMENT 


EXPERIMENT 6-A (i) 

Vary the period of the pendulum (by shifting the load) and check 
the results of Fig. 6.2 are valid for all cases if T i 
fraction T/To. 


if 
s replaced by the 


*Friction being large in this case, one needs to measure the 


Period T by timi 
small as half an oscillation. The timer makes this possihle. y timing as 
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FIGURE 6.2. Period T vs amplitude % for the pendulum of Fig. 6.1. 


EXPERIMENT 6-B* To study the damping of an 
oscillator. 
Figure 6.3 shows a rigid pendulum oscillat- n 


ing on the pair of pivots PP', supported on 
a base BB’. Two loads My, M. can be clamped 
at variable distances from the axis of oscil- 
lation PP’. This changes the moment of 
inertia J and also the restoring factor C=mgl 


(see Appendix VI-B). 
P P 


With hard and sharp pins as pivots and hard base B B 
BB’, the damping becomes quite small. Part of the 
damping is at the pivot support and part is due to air 
friction. 


Attach a pin of diameter 3 to 5mm at the 
lower end of the pendulum and set up a 
photosensor so that the pin intercepts the M, 
sensor beam when the pendulum passes T 
through the equilibrium position. Set the FIGURE 6.3. The rigid 
timer in the JÆ L mode. If the pin diameter pendulum. 


* In this and all later experiments we shall “deal only with oscillations of small 
amplitude, so that period T is independent of the amplitude. 
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is x and the time measurement is fs you get the angular velocity ampli- 
tude as 
Ww 
ted 
where d is the distance of the photosensor beam from the axis of oscilla- 
tion. However, in a given series you may treat w and d as constant, so that 
bo = Att 5 A= ses (6.13) 
Now, start the oscillations and measure t, after every 10 or 20 oscilla- 
tions*. If b) (0) and ĝo (n) are the amplitudes** at the zeroth and nth 
oscillation respectively, you have 
8 (n) A to(n)71 1.(0) 
bo (0) A 1,(0)-1 t(n) 


Plot a graph between this amplitude ratio and the number of oscilla- 
tions n. 


o= 


Figure 6.4 shows the typical results of an experiment. You may do the 
following analysis from such a graph: 


(a) Check whether the fall of 69 (n) with n is logarithmic, For this 
find out the number of oscillations completed as the amplitude falls in 


08 Ni = 360 
d' = 193x1973 
Q = 163x103 

S 0-6 

Se | ee ee sa 

= 

= 04 

a eNO nae SS 

"02 Sh at eee es 


(0) 
o 200 400 600 800 
Number ‘of oscillations ,n 
FIGURE 6.4. Angular velocity ampli 
plitude ys numb illati 
the pendulum of Fig. 6.3. et ogne fon 


* The period T is large enough to permit you to r i 
eset the ti 
any two passages. eck ae between 
** In the following discussion ‘am 
amplitude.’ With a timer it is far easier 
displacement amplitude. 


plitude’ will refer to th 


e ‘angular veloci 
to measure tliis than to a 


measure the angular 
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geometric progression. Figure 6.4 shows this for a typical value 07 for 
the geometric ratio. The numbers come out nearly equal, showing that 
o (n) varies logarithmically*. Pua 
(b) Determine 7/2, the number of oscillations completed as the 
amplitude falls to half the original value.** 
(c) Determine z’, æ and Q using the relations (see Appendix VI-C) 


, 


3 g9 ate. rks 
mila; to Teye. ie 
You may also plot a graph between the logarithm of the ratio 
bo (n)/09 (0) against n. If this graph is a straight line it verifies Equation 
(6.10) straightaway, The negative slope multiplied by log, 10 gives x 
and thence you get z and Q. Figure 6.5 shows the semilog plot for the 
case corresponding to Fig. 6.4. 


g 


0-6 -3 
s- >22 -0 Te) 
Slope 700 86x 


a! = 2:30%-86 x10 >=192x10 
Om z =164 x 103 


0-0 


3, 


Logol, (n)/6,(0)] 
xi 
| (ao 


to =i =i aj eS ES 
200 400 600 800 
Number of oscillations,n 
FIGURE 6.5. Semilog plot for the data of Fig. 6.4. 
EXPERIMENT 6-C To studv the dependence of damping 


coefficient « on I and C of the 
oscillator. 


Perform Experiment 6-B with a given pendulum and draw a semilog 


*See, for example, Physics Through Experiment, Vol. 1, Experiment 2-A. 
**¥ou could start from any 6o (m and go up to half its value. If Equation (6.10) 
is true, the result in (b) should be independent of where the starting point is chosen, 
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plot like that of Fig. 6.5. Now repeat. the process a number of times 
after shifting the position of the load Mj (Fig. 6.3) in steps. Deduce the 
damping coefficient ~ in each case. Observe also the period T for each 
case. 

Figure 6.6 shows the typical result of one such experiment, You may 
note that as the mass moves nearer the axis of oscillation, the « value 
increases: about 10-fold increase is seen in the range in which the experi- 
ment was done. 

Now, the theory of damped oscillations (see Appendix VI-C) shows 
that «=r/2I (Equation 6.8a). You would therefore desire to know how 
r varies with the shift of load M3. For this you needa knowledge of J. 


This may be computed from the distribution of mass. But we suggest an 
experimental procedure: E 


Oscillator damping 


Chonges ins‘, ond r with changes in C and 1 


£ er et i 
007 LER) gem) (sec) 16sec (oždyem 


rad7sec! 
lo) 5.26 315 1537 095 6-0 


'66 1334 207 6:8 
(167 O59 1185 510 
(d) 054 03! 1498 9-28 


00 


61 
58 


109,9[ 8019/60 (01} 


200 400 600 800 1000 
Number of oscillations, n 
FIGURE 6.6. Effect of redistribution of a given total mass of 
pendulum on damping. 


Shift the loads M, and M, in opposite directions in such a way that 
mAd; = mAd,. That keeps the centre of mass G (Fig. 6.3) unchanged. 
Hence if T and T’ are the periods for the two cases, we have 


T \2 I 
(+) = TAAT. » « 6(6)14), 
This leads to the determination of T, since A J is given by m,A(d,?)+ 
me (d$). 


<a 
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The results of such deduction of J andr are shown in the inset in 
Fig. 6.6. You may note that although « varies so widely, r comes out 
constant within the limits of experimental error. 

The analysis shows that fora given total mass of the oscillator the 
distribution of mass does not appreciably affect the damping factor r. 


EXPERIMENT 6-D To study the effect of the total mass 
on the damping factor r. 


Repeat Experiment 6-B, changing the total mass of the pendulum by 
mounting other loads, Estimate J each time by geometry; you can then 
convert the observed « values to r values (Equation 6-8a). 

Figure 6.7 shows the graphs for a typical experiment. We note that 
the damping factor r increases considerably with the increase of the 
total mass m. The inset in Fig. 6.7 gives the relevant data and Fig. 6.8 
shows a graphical plot of r against m in search of a possible relation. 


Jotalmoss l Tr 2 L 
Ug) (H08gem% (sec) (10sec UPSET) 
(a) 195 176 1418 1-01 456 
(b) 299 128 1213 274 819 
te) 404 18 1261 529 125 
ta) s13 r20 m89 656 157 
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80 


FIGURE 6,7, Effect of variation of mass of the pendulum on damping. 


Within the range of experimental errors, one can draw a straight fine in Fig. 6.8 
through the observed points. Howeyer, extending it as such would lead to r> 
negative as m>0, which would hardly make sense. In fact there must be some 
contribution in r from air friction, which is size-dependent, not mass dependent, 
A finite positive intersection on the r axis is therefore to be expected. Hence one 


must collect more data before any relation can be found, 
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All the same one fact appears established from the experiment; the major 
contribution to r in a rigid pendulum is not due to air friction (viscosity), but is 
at the points of support. Any improvement in Q must therefore te sought there. 
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FIGURE 6,8, Variation of damping factor with mass (from the data of Fig. 6.7) 


EXPERIMENT 6-E To study the air-damping contri- 
bution in the oscillations. 


Clamp an aluminium vane 


(of rectangular or circular shape) on the 
pendulum as shown in the 


inset of Fig. 6.9. The plane of the vane js 


ae 
00 la) No Vane H 
(b)  Vone Grea 58 cm2 
Ta (c) u " 1GOcm2 
= oo) Et iane 
o aer M " 234cm2 
e A 50cm 
SG 
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mE 


4 a ee 
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Number of osciliotions, n 


FIGURE 6,9, Effect of vane area on the oscillator damping. 


Í 
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perpendicular to the plane of oscillations. Measure the distance pı of 
tbe centre of the vane from the axis of oscillation. Measure also the 
period of oscillation 7. Now repeat the damping study as in Experiment 
6-B, with vanes of different areas mounted with the centre at the same 
distance py. 

Figure 6.9 shows the typical results of an experiment like this. As the 
vane area increases the damping increases. Figure 6.10 shows a graph 


w 
5 
C=263x 107 dycm/rod Ka 
=1:99x10fg cm2 z 
o 
T =1:727 sec a 
£ 
a 
E 
o 
[s] 
- 
i) - 
E - 
5 - 
N - 
a - 
aa Se a 
-160 -80 o 80 160 


Vane areo ,A(cm*) 


FIGURE 6,10, Plot of vs vane area from the data of Fig. 6.9. 


of a’ vs vane area s. It comes out as a straight line, showing that the 
damping force on the vane is proportional to the vane area, You may 
therefore write 

a=29+Ks io se (613) 
where zo is the damping constant without the vane and K is a constant 
depending on the medium and the distance of the vane from the axis of 
oscillation, 


In the case of a sphere moving in a fluid the drag force is given by Stokes relation 
F=— 67 av ++. (6.16) 


where y is viscosity of the fluid, y the velocity of the sphere and a its radius. Thus F 
is proportional to a, a linear dimension and not area. Obviously the case of a vane 
is distinctly different. Hydrodynamics tells us that for a flat vane moving along 


its normal the drag force is 
2 
y 


F=-C0 ase +++ (6.17) 


where p is density of the medium and Cop is a numerical constant, whose value is 
1.1 in our range of work. This shows that F « s, as our experiment would seem to 
confirm. But there is a serious difficulty: dependence on y goes to the second power 
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(v2). This would need revision of the entire theory as given in Appendix VI-C, 
since Equation VI-C (1) would change to 

Q'=—ro br 6? ERD) 
the first term belonging to the original drag (without the vane) and the second being 
the contribution due to the vane. 

We shall not go farther in the analysis, except to mention that shape of the drag. 
device (vane or sphere or cylinder) makes a major difference in the parametric 
dependence of the drag force, and can therefore be a subject of detailed study by 
itself. 


EXPERIMENT 6-F To study the damping due to 


a vane in water. 


Attach a small aluminium vane to the pendulum (see inset of Fig. 
6.11) so that itis dipped ina vessel of water, Repeat Experiment 6-E, 


1095 [é (n)/6,(0)] 


Sn 
o 100 200 208 400 


Number of oscillations,n 


MISURE 6.11. Damping of the rigid pendulum due to a vane dipped in water 
{6 (0) is common for all the curves.] 


with the difference that this time you may study the dependence of 
damping on the distance p; of the centre of the vane from the axis of 
oscillation. 

Figure 6.11 shows the results of an experiment with a flat vane of 
area 4 cm?. The initial angular velocity amplitude was kept the same 
in all the cases, so that a given line parallel tothe maxis in the graph 
corresponds to a given ĝo. You may notice that while the semilog plots 
come out close to straight line in the low pı range, they show curvatures 


OO EE ee ee 
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in the high pı range—the curvature decreasing as 6 decreases. Obviously 
the amplitude fall is not logarithmic and the theory of Appendix VI-C 
breaks down more seriously. 

If we accept Equation (6.17) and remember that y=p, 6, the damping 
torque now becomes 


Q'(vane) =force x py =—Kp,! 62 + 2 (6,19) 
where K=Cp Soi. Equation VI-C(1) of Appendix VI-C now changes to 
Q'=—rob—Kp,? 6? - +. (6.20) 
If the second term is dominant—as it would be at high pı and high 6— 
the departures from exponential decay will be serious. This is what is 
observed. The slope of log vs n curve ata given point on the curve 
may still be called x’, but it will not be admissible to equate this with 
TKp,'/2I asa parallel to Tr/2I [vide Equation VI C(11)J. Figure 6.12 
shows the slope «’ at ordinate I.8 in Fig. 6.11 plotted against p,°. The 
straight line fit would show that the contribution of the vane in x’ shows 
pı? dependence, although the decay is now not exponential. 


we 


N 


Damping coeff < (103 sec!) 


p 20 40 60 80 100 
Pè (103 cm3) 


FIGURE 6.12. Variation of damping factor with P,* (The « values 
corresponding to ordinate 1.8 in Fig. 6.11 are used here) 


EXPERIMENT 6-G To study the electromagnetic 
damping using a coil. 


Mount a magnet on the pendulum with its length horizontal and in the 
plane of oscillation. Place a pair of coils Cı, C, (Inset, Fig. 6.13) 
symmetrically, such that during the oscillations the magnet moves along 
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the common axis of the coils. The coils may be connected in series” and 
the circuit completed through a variable resistance R (not shown). 


o8 


Logo 85 (n) 


80 160 240 20 


Number of osciiorons n 
FIGURE, 6.13, Damping of a rigid pendulum due to interaction between a magnet 
mounted on the pendultim and a coil with different resistance in series with it. 
Study the damping as in Experiment 6-F, changing Reach time, but 
keeping the starting angular displacement the 
Figure 6.13 shows the typical results of one experiment, Note that the 
semilog plots are, in general, not straight lines. 


The induced emf developed in a coil is giv 


same in all cases, 


en by 
= a 
See a +++ (6.21) 
where ¢ is magnetic flux through the coil. The current produced is 
pa Beno de ds. 
os, dt 
This current interacts with the magnet to produce a damping force 
A dd 
ea aaa ie he 


*Two coils may be connected in series in two days. if c, 


one and c2, d2 of the other, you can connect d; to either ¢2 or dy. For resistance 
this make no difference; for this experiment the two are very different. Learn it by 
doing, and then try to explain why? 


dy are the terminals of 
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where 4 is dependent on the strength of the magnet and its geometric 
placement relative to the coil. If the magnet is at distance Pi from the 
axis of oscillation, the damping torque is 


oS e E 


The —rÙ term in the theory of damped oscillator (Appendix VI-C) is this 
torque. 

Now, d¢/dt is not just proportional to O(i.e., d0/dt) in this case. Figure 
6.14 shows schematically the lines of magnetic induction due to a magnet. 
For a coil placed as shown in this figure the rate of change of flux 
(—d3/di) will not be proportional to velocity of the magnet. For this 
reason the theory of Appendix VI-C is no longer valid, and the plot of 
log bo(1) against is not expected to bea straight line. That is in line 
with the experimenta! results (Fig. 6.13). z 


FIGURE 6.14. Magnetic flux lines through a coil placed coaxially. 


However, for oscillations of a given amplitude we may introduce a 
relation like 
dġ_ pn 
a4 v=A'pi6 
where A’ is some constant representing the mean ratio of dé/dt and y*. 
Using this in Equation (6.20) with Q’=—rd leads to p 
AA'p;* 
ee fe (G22) 
and a corresponding value of «’ =r7/27 
Now in Figure 6.13 draw a horizontal line which Corresponds to a given 
amplitude 0o At the intercepts determine the slopes (2) of the curves, 
whence you get x (=2'/T). Plot a graph showing « against 1/R. Different 
horizontal lines correspond to different 69 and each may have a different 
«vs I/R curve. See if these graphs come out as straight lines. If so, it 
shows that the electromagnetic damping is proportional to 1/R. 


* This mean value will not be the same for oscillations of different amplitudes. 
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Figure 6.15 shows the x vs I/R plots for three 
The points fit nearly to a straight line in each case 


with increasing ĝo shows that A’ in Equation 6.22 
order. 


Ùo values in Fig. 6 13. 
. The increase of slope 
increases in the same 


iS) 


Domping coefficient, 4 (102 sec!) 


ie} 50 100 
Yr (1078 mho) 


FIGURE 6.15. Variation of damping coefficient with 1/R 
(using the data of Figure 6.13). 
EXPERIMENT 6-H - To study electromagnetic damping 
using a metal sheet. 


In the arrangement for Experiment 6-G replace the coils with a plane 
metal sheet standing parallel to the plane of oscillation. Let the lateral 
separation between the magnet and the plane of the sheet be d, 

Make the damping study for different values of d and plot the log fp 
vs n graphs for each case. Figure 6.16 gives the typical results of one 
such study. The sheet used was that of aluminium and was 2 mm thick. 
You may note that, unlike Experiment 6-G, the graphs come out as 
straight lines. Try to explain this significant difference. Figure 6.17 shows 
the plate relative to the magnetic lines of induction. Treating the plate 


oscillating (relative to the magnet) you may see how this case differs from 
that of the coil oscillating. 
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FIGURE 6.16, Electromagnetic damping of a rigid pendulum carrying 
a magnet oscillating close to a metal sheet. 


From Fig. 6.16 you may observe that the damping increases rapidly 
as the plate to magnet separation decreases. You may draw a graph bet- 
ween z and l/d to represent this fact. What should x tend to as d->2o? 


PEER N A2 T AE ZZ A A ZZ 


FIGURE 6.17, Magnetic flux lines through a metal sheet. 


APPENDIX VI-A 


PROOF THAT 
SMALL OSCILLATIONS ARE HARMONIC 


1. Taylor’s Theorem 

Let U(6) be a single-valued and continuous function of 8. If it has a 
value U (0) at 0=0 and the various differentials of U with respect to 6 
have values U'(0), U"(0). U’"(0) etc., at 0=0, then for a n 
position 8 the function U has value U(8) given by 


2 e 
U(0) = U(0) + 6U'(0) -+ aU" +I USO sos +++ VI-A (1) 


eighbouring 


This is Taylor’s theorem. The salient point of it is that if U, U', U" etc are 
known at 6=0, they may be used to deduce U at 9, if 0 is not too large. 


2. Application of Taylor’s Theorem to Potential Well Case 

If U is the potential energy given as a function of 8, then you may use 
Taylor’s theorem since U is a single-valued and continuous function. The 
bottom of a potential energy well (which corresponds to the equilibrium 
state) has U’=0 and U” positive. If this bottom is taken as the origin for 
both U and 6 we also have U(0)=0, and 0 is then the displacement 
coordinate relative to the equilibrium position. 

Equation VI-A (1) then becomes 


fe. e w e iF be 
UG) = FO +g U"O) + SU") +... VAOD 
If 6 is smal? then the higher power terms have negligible contribution, 
and you get the approximation: 
OP ae. z 
U(b) = 5-U"(0) =108 ++ «VLA (3) 


where C equals U”(0). Thus for small displacements from the stable 


equilibrium position the potential well is parabolic. Oscillations therefore 
approximate to the harmonic character. 


APPENDIX VI-B n 
THEORY OF THE RIGID PENDULUM 


Figure VI-B (1) shows the essential features of a rigid pendulum. A 
rigid bar carries two adjustable masses and oscillates about a horizontal 
axis perpendicular to the plane of the figure 
and passing through O. Let G be the centre 
of mass of the pendulum, m its mass and J tne 


moment of inertia about the axis of oscillation. 
Let GO=/. 


If the pendulum is displaced by angle # from 
the equilibrium position, the centre of mass 
rises up by height / (1—cos 8). Hence the poten- 
tial energy relative to 00 state is given by 

U=mgl (1 —cos))=4(mg/)0, for small 0. 
The restoring couple Q is thus given by 


dU 
a= — a =e. acs e VI-B (1) 
where C=mg/ : +.» VI-B (2) | 


1 
I 
I 
1 
l 
I 
| 
l 
| 
| 


The equation of motion, neglecting friction, 
A is therefore 
FIGURE VI-B (1). A rigi - 
pendulum, J6-+-C0=0 siaa VI-B (3) 
This equation has the general solution 


O=8p cos(wot +8) .. . VI-B (4) 


w Da <.. VLB (5) 


as can be seen by substitution from Equation (4) into (3). 0) and 8 are 
constants of integration, determined by the initial conditions. The fre- 
quency v is given by i a 
v= -e mes ... VEB (6) 
The frequency of oscillation may be changed by changing C or J or both, 
From Fig. VI-B (1) you may note that sliding the upper mass is more 
effective in this: raising it up would increase J and decrease C (since G rises 
up, whence / decreases), thus reducing v considerably; lowering it does the 
opposite. The effect of moving the lower mass does not change v appre- 
ciably, because 7 and C change in the same direction, though unequally. 


where wọ is given by 


APPENDIX VI-C 


THEORY OF DAMPED OSCILLATIONS 


1, The Assumptions 

We shall assume that the oscillations are in a range of amplitude for 
which the restoring torque is Proportional to the displacement. We also 
take the damping torque 2’ to be Proportional to the first power of the 
angular velocity 6, so that we write 


Q'=—r b ses VIRGO) 
where r is called the damping factor. The equation of motion of the 
escillator [VI-A (3)] then becomes 


Tti+r6+c0=0 . . .WL-C(2) 
The Assumption Q’=—r0 may or may not be valid ina given case, It 
must be remembered that what follows is based on the validity of this 
assumption. Conversely, any experimental departures from the theory 
given below may be related with deviations from this assumption, 
2. Solution of the Equation of Motion 
Equation VI-C(2) may be put in the form 


6+-226+029=0 - » .VI-C(3) 


~ where =z . . .VI-C(4) 


and wọ has the same meaning as in Equation VI-A(5). If we try the 
solution 


(2) =aePt 
Equation VI-C(3) leads to 
B?+- 208+ w%=0 
or p=— atiy wga? 
The most general solution of Equation VI-C(3) is therefore 


6(t) =al tti V oot g elai V wp? —o2)t 


or A(t) =09(0)e—** cos (og't+8) .. .VI-C(5) 
where w'9=V/ oa 


and @(t) and 6 are constants (related with a 
initial conditions. Comparing Equation VI-C(5) with Equation VI-B(4), 
which applies in the damping-free case, one finds that there are two diffe- 


rences: (i) the frequency decreases from wy to yog? at and (ii) the 


1 and ay) decided by the 


amplitude falls with time according to e™* term. 


THEORY OF DAMPED OSCILLATIONS 


The corresponding equation for angular velocity O(¢) wil! be 
(7) = by(O)e— #7 cos (w t+ 3’) = ge VEO 
69(0) and è’ are related with €9(0) and è through* 


§y(0)=eo' W0) and s= E 


3. The Decay of Amplitudes 
For displacement amplitude and angular velocity amplitude at time z7, 


Equations VI-C(5) and V1-C(6) above give 
Qy(t) =0g(O)e— 27 m .VI-C(7a) 


b(t) =by (0)e 7” .. .VI-C(7b) 


Thus both 0 and Öp fall exponentially and ut the sume rate. The cons- 


tant x is called the damping coefficient for amplitude. 
The times in which the amplitude falls to 1/e and 3 of the original are 


designated by ty/e and ti: respectively, and you can see that 


0.693 
n=} and ti = <. .VEC(8) 


The amplitude may also be expressed in terms of the number of osci- 
Ilations completed (n), using n=t/T, where T is the period of oscillation. 


Equation VI-C(7b), for instance, then becomes 


doln) =0(0)e*” .. -VI-C(9) 
0.693 
where COL Ms <- .VI-C(10) 


Combining Equation VI-C(10), (8) and (4) you may note the inter- 
relations 


= T . VLCC) 


4. Energy Dissipation 
The energy of oscillation (Æ) is proportional to (0ọ)?. Hence Equation 


VI-C{9) gives 


E(n)=E()e~ 2%" <. .VI-C(12) 
The energy dissipation per cycle is thus given by 
dE f 
a eB .. .VEC(13) 
and the energy dissipation per unit time (called power loss) is given by 
dE 2a" 
oe =2%E 3 
P Ti T E=27 .. -VI-C(14) 


* These are first approximations, valid for low «. 
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The power loss may also be deduced from first principles, using Equation VI-C/1). 
If the instantaneous power loss is Pins, we have 
Pinst = —Q’0=—r(6)* 
P=average of Pins: =—4r(o)? 
because average (6)*=4(6)? in harmonic oscillations. Now use of Equation VI-C(4) 
and $1/69)2=E leads to the result VI-C(14). 


5. Quality Factor 

An oscillator will be called good if it can complete a larger number 
of oscillations before its energy falls to a given fraction. A quantitative 
measure of the ‘quality’ is the ‘quality factor’ Q defined as 2= times the 
number of oscillations completed by the oscillator as the energy falls 
to I/e times the initial value. In view of Equation V1-C(12) we thus get 


1 : 
=2x x = i 
Q=2nx— = .. .VI-C(15) 


x 


In view of the relations VI-C(11) and w'9=2z7/T, the expression for Q 
can be put in several forms: 


Got! T 2a à » + -VI-C(16) 
It may be noted that in the equation of motion the dam 
as proportional to the damping factor r. The direct] 
is the damping coefficient ~ which is given b 
two oscillators with equal r, the one with 
and hence higher Q. 

It may also be noted that Q is proportional to lja’ and not to l/æ. 
Therefore, for equal « the system with smaller period T (higher fre- 
quency v) will have higher Q. As an example you may compare a good 
pendulum of 1/4500 s with an excited sodium atom for which 1/z is 
much smaller, being~ 10-10 $, But since the corresponding periods T are 
~ls and ~ 10-15 g respectively, the Q values in the two cases come to 
~500 = and 105 x respectively. Thus the Na atom (treated as a classical 


oscillator) has a much higher Q, although its 1/4 is much smaller than 
that of the pendulum. 


Ping is expressed 
y observed parameter 
y r/2I. Therefore, among 
larger 7 has smaller damping 


STUDY OF 
FORCED OSCILLATIONS 


7.1. GENERAL 


Consider an oscillator A of natural frequency wo. Once set in oscilla- 
tions it loses energy, as you have seen in the experiments of Chapter 6. 
To maintain oscillations energy may be fed to A in many ways, two of 
which are the following: 

(a) An oscillator B mey apply a periodic torque of frequency « which 
is independent of wo. 

(b) A non-periodic energy source C may apply a torque on A with 
the frequency wo, determined by 4 itself. 

In the second case A is called a maintained oscillator, in the sense 
that C has no frequency of its own but just serves to maintain the 
vibrations of A. In the first case A becomes a forced oscillator, that is, 
it gives up the oscillations of its own frequency wọ and oscillates with 
frequency w of the oscillator B. It is customary to call B the driver and 
A the driven oscillator. 

Through the experiments in this chapter you will study the nature of 
forced oscillations, i.e., how the amplitude and phase of the oscillations 
of A depend on the frequency ù and the parameters of A, like its J 


and Q (cf. Chapter 6). 


7.2. FORCED OSCILLATICNS 


Let the oscillator B apply on A a torque given by 
Qpa=Qo Cos wt AeA) 


Appendix VII-A gives the theory of oscillations under this torque and 
the salient results are as follows: 

(a) The natural vibrations of A (frequency œo) die out with time and 
it starts oscillating with frequency o of the driver B. 

(b) The amplitude of A goes on increasing with time, till it reaches 
a steady value. The oscillations of A after this stage are called the steady 
state oscillations. The stages passed through by 4 before this are called 


transients, 
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(c) The displacement amplitude of the driven oscillator in the steady 
state is given by 
D “(eo roe sags Choe) 
where J is inertia factor and z the damping coefficient of oscillator A. 
(d) The phase of the driven oscillator lags behind that of the driver 
by angle 5 given by 


Ds, 
tan 8=—° | nee (lea) 
X 07 — o 
(e) The velocity amplitude 6y is given by 
5 S wQo/T Sf, 4 
i= 000 Tae daze {le we wG). 


You have to measure 69, 5 and 69 for different frequencies w of the 
driver to see if the forced oscillations show the expected behaviour. The 
theory assumes that the only effect of coupling A with the driver B is 
the imposition of the torque Oga. It is possible that the coupling may 
produce other effects too on A, and it is also possible that the torque 
may not be harmonic as assumed in Equation (7.1). You may therefore 


consider the experimental results with an open mind, the theory being 
only a broad framework. 


7.3. DESCRIPTION OF THE APPARATUS 


Figure 7.1 gives a photograph of the system used. On the 
shown the maintained oscillator used as the driv 
the driven oscill 


left is 
er, and on the right is 
ator. One thread joining the two oscillators carries a 


small load, which provides the ‘coupling’ between the two oscillators, 


ie., the application of torque Qs4 on A due to B. A sep 


arate pair of 
threads 


attached to two oscillators carries a convergent lens. The image 
of a point source (a torch bulb) made by this lens on a vertical screen 


Produces Lissajous figures as the pendulums oscillate. The details of 
these are as follows: 


(a) Maintained Oscillator 

The amplitude of the torque Qa4 (Equation 7.1) is proportional to the 
amplitude of the driver, if other things are constant. 
amplitude of the driver should therefore remain consta 
time but also with the change in its frequency w, 
by sliding the loads on it. The device used is shown in Fig. 7.2. A 
magnet is attached to the pendulum so that the axis of the magnet is 
forizontal and in the plane of oscillation. The coils Py and P, are 
provided on the two sides and connected to a circuit, which works as 
follows. Oscillations of the magnet generate an emf in coil Pı; this is 
amplified and fed to coil Po to generate a cuirent which applies a force 


In our study the 
nt not only with 
which will be effected 
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on the magnet. Now one requirement is that this current should be in 
the proper phase so that in each oscillation some energy is fed to the 
oscillator. The second requirement is that the energy feeding should 
decrease to just the maintenance level as the amplitude reaches the 
desired preset value. The electronic circuit is arranged to meet these 
requirements. If desired, the preset value of the amplitude may be 
changed by turning a knob on the control panel. 


A 


M2 


FIGURE 7.2. The maintained oscillator and the related circuit. 


In forced oscillations one desires that the ‘driver’ have far greater 
inertia than the ‘driven’, so that for a given energy drawn from it by 
the driven oscillator, the driver’s loss of amplitude may not be large.* 
For this reason the driver pendulum may be loaded with about three 
times the loads on the driven pendulum. Since both J and C increase 
with the load, the frequency still has the same order of magnitude and 


may be varied by shifting the masses. 


(b) The Coupling 
Details of how the torque Qa, on A due to B depends on the geometry 


*You may appreciate this point more after studying coupled oscillators 
(Chapter 8). 
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of the threads (Fig. 7.1) and the coupling mass m are discussed in 
Appendix VII-B. Figure 7.3 shows the essential geometry and the 


parameters 7, p, mand ¢. The torque Qz4 comes out to be 


mg p> 
Oe TE 5 ase qlee 
Since 02=0zp cos wt, comparison with Equation (7.1) leads to 
mgp z 
o=- cosig 00= Km +++ (7.6) 


ie., the amplitude of the torque on A due to B is Proportional to the 
amplitude of B. The coupling strength K is most easily changed by 
changing the load m. A notable fact proved in Appendix VII B is that 
in'the 90° geometry for mounting the lens (Fig. 7.3) the 


lens weight does 
not contribute appreciably to Qa,. 


fl 
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FIGURE 7.3, Arrangements. for coupling between two oscillators and 
for Producing Lissajous figures. 


(c) Measurement of Relative Amplitudes and Phases 

One of the simplest methods for measurement of relative amplitudes 
and phases of two oscillations of the same Srequency* is to use Lissajous 
figures. Contributions from the two oscillations are superposed along 
mutually perpendicular directions, and the resultant movement is, in 
general, an ellipse. We have devised an optical method for the formati 
of Lissajous figures. Figure 7.3 shows that a clockw 
driver B would move the lens along the X-direction b 
a clockwise displacement of the driv 


jon 
ise displacement of 
y an amount p’0, and 
en oscillator 4 would move the lens 


*In the steady state of forced oscillations this condition is satisfied. 
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along the Y-direction by an amount p’04.* Thus the oscillations are 
superposed on the lens in equal proportions. The image of the torch bulb 
shows these oscillations on the screen S (Fig. 7.4)» with a common 


FIGURE 7.4. Formation of Lissajous figures on the screen S. 


magnifying factor a, Thus for the x and y vibrations of the spot of 
light on the screen we may write 

x=p'a 0x9 cos wt=xo COS wt Aaa) 

y=p'a d cos (wt—8)=Jo Cos (wt —8) .. (7.7) 
where xo and yo are the amplitudes of oscillation of the spot of light 
along the x and y axes respectively. One can see that 

Jo — 00, g 2o 

ET SSIS) 

Thus measurements of xo and yo lead to the ratio 8 /Qp i.e., the 
amplitude response of the driven at the given frequency of the driver, 
The observing screen may be a graph paper with its lines inclined at 45° 
from the horizontal. Then you may observe the extreme Tange of 
displacements of the spot of light along the two axes, and obtain 
their ratio. 

On the graph paper you may mark the rest position of the spot of light 
and the ¥ and Y axes. The Lissajous figure traced by the spot of light 
intercepts the X-axis at two point P, O (Fig. 7.5) and you may note the 
separation P Q, half of which may be called x. Since these points corres- 
pond to y=0, Equation 7.7(b) gives wf -8=(n+}3)z/2, whence Equation 
7.1(a) gives x=+xo sin 8. 

Thus you get the phase lag 5 from 

ind l=< 
| sin -E sie (B09) 
The sign of 8 is positive (i.e., there is a lag of phase) if the curve is traced 
anticlockwise. Further 8 lies between 0 and 7/2 or =/2 and = according as 


*The X and Y displacements are not affected (to a first approximation by the 
displacements of the driven and the driver respectively. 
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the peak x and y values are reached in the first or the second quadrant 
[Figs. 7.5 (a) and (b)]. You may check these statements using Equation 7.7. 


(a) (b) 
FIGURE 7.5. Explaining the use of Lissajous figures. 


(d) Measurement of Velocity Amplitude 


This may be done as in the experiments of Chapter 6, using the timer 
and sensor, If the sensing pin diameters and their distances from the axis 


of oscillation are not equal for the two oscillators, this fact should be 
accounted for. 


EXPERIMENT 7-A To study the amplitude response in 


forced oscillations. 


Set up the driven oscillator A and the driver oscillator B as shown in 
Fig. 7.1.* First remove the coupling load and measure the period To (hence 
frequency vo) of the ‘driven’ oscillator in free state. Then initroduce the 
coupling load and watch the Lissajous figure on the screen to see what 
happens to the driven oscillator. Its amplitude shows fluctuations, but 
ultimately it settles down to oscillations of a constant amplitude. That 


*In practice you will need to damp oscillator A by any of the arrangements used 
in Chapter 6. This is because the Q is ordinarily high (>100, say) and therefore the 
response changes rapidly with œ. In such cases a stop-watch-has insufficient accuracy 
for measuring changes in œ.. Also the transients die out very slowly, so that each 
observation may need tens of minutes to record. 
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means that the transients are over and a steady state has reached. 
Measure the period T and amplitude %.* 

Now change the frequency of the driver by shifting the position of the 
leads Mı or M, or both (Fig. 7.2) in several steps. Each time allow the 
steady state to come and measure T and Gy. Piot a graph showing Oy 
against either the period 7 or angular frequency #(=2=/T) or frequency 
»(=1/7). Figure 7.6 shows the results of a typical experiment. 

The frequency of the driver corresponding to the maximum amplitude 
response (0)a of the driver is called the resonance frequency vr. A scale 
of vjvo is also given in Fig. 7.6 and it can be seen that (Ng)x corresponds 
to v/yose1. It means that the resonance frequency vg nearly equals the 
natural frequency vo of the driven oscillator. 

From the graph of Fig. 7.6 deduce the half intensity band-width Avs 


by taking points where Cg is 1/\ 2 times (%)x. Hence compute wl Anla 


which equals Q [see Appendix VII-A]. 


o4| 
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AVy_"0034Hz 
X s21 
j 
ex: 109 2 Gia g 
g y —$- a 
= [EJ D-C-response 6, (b)/8,{a) = 0:0206 A 
č Q= rosononce response = 0-387 
£ DC response 00206 
z oz 219 
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FIGURE 7.6, Displacement response of a driven oscillator. 


Again, from the same graph deduce @ at »>0. Find the ratio of (8o)z 


*You will actually measure the amplitude yo (as shown in Fig. 7.5) which is 
proportional to 09, but we shall henceforth refer to Oa where we mean ya 
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to this bọ; it gives Q [see Appendix VII-A]. See if the two values of Q 
agree*. 


RELATED EXPERIMENTS 


EX PERIMENT 7-A(i) 

After removing the coupling, make a damping study of oscillator A, 
like Experiment 6-B. Deduce from it the Q value and compare it with 
the value obtained from the resonance half-width. 


EX PERIMENT 7-A(ii) 

You may change the coupling load and repeat Experiment 7-A to 
determine vr, (89)x and “Avia. Figure 7.7 shows the results with three 
loads. Notice that vr and Avj;, come out about the same. (69)x comes 
out to be proportional to the load (see inset, Fig. 7.7). This is in line with 
the theory (Equation 7.5). 


fa] 
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FIGURE 7.7. Effect of the coupling mass on the displacement response curve. 
EXPERIMENT 7-A(iii) 


You may introduce additional damping in the driven oscillator. For 


a given coupling load, see how (8)r and Avijo are affected by increase 
of damping. Figure 7.8 shows that (®o)r measured as a falls and Avij2 


*For this purpose the experiment needs to be carried up to ¥<vo. The accuracy in 
6) measurement is rather small here; hence only order of magnitude comparison 
for Q values is to be expected. One alternative is to do a static experiment: Give the 


driver a large static deflection and note the consequent deflection of the driven. The 
ratio gives 9/(0,)5 at v>0. 
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increases (i.e., Q falls) as the damping is increased, (see inset, Fig. 7.8). 
The ratio a/Q remains nearly constant, showing that (@)x changes in 
proportion to Q of the driven oscillator. 
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FIGURE 7.8. Effect of damping on the displacement response curve. 


EXERCISE 7-A(i) 
From the observed values of (@9)e and Avy (which gives x)= vide 
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FIGURE 7.9. Comparison of the experimental and computed 
displacement response curves. 
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Appendix VILA), compute the values of @ọ at several v values using 
Equation 7.2. Check to-what extent the observed Q values fit these. Figure 
7.9 shows the computed data corresponding to the experimental curve 
of Fig. 7.6, which is reproduced for comparison. We have stated earlier 
($ 7.2) why we may not expect complete fitting; but the curves of Fig. 7.9 
show that the departures, if at all, are rather small, 


EXPERIMENT 7-B To study the velocity response in 


forced oscillations, 


The system for this exneriment is the same as for Experiment 7-A. 
But instead of using the Lissajous figures you use a digital timer to 
record the angular velocity of the driven oscillator as in the experiments 
of Chapter 6. 

Obtain 69 vs v data for the driven oscillator and plot them on a graph. 
Deduce the velocity resonance frequency (v)yx and compare it with the 
amplitude resonance frequency vg (Experiment 7-A). Deduce also AYI 
and make a similar comparison. g 

Figure 7.10 gives the results of a typical experiment. Although theory 
(Appendix VII-A) says that ()rr=vo and vr=vo (1— 1/40°), we find that 
the difference is not noticeable wihin the accuracy available (for Q=20 
the difference is ~1/1600 of v9). The major point of departure is that the 
8 ratios come out lower than bo ratios for y<vo and higher for v> 


q à Vg» 
The matter is of some importance because energy response is given 


by 
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FIGURE 7,10, Comparison of the displacement and velocity response curves. 
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AT 892, not 4 C0y?*. Hence if 6) responses are equal for two frequencies 
2f Yo 0 q 

©; and o, the ratio of the energy of forced oscillations in the first case 
will be (w1/%2)? times that in the second case. 


RELATED EXPERIMENT 


EX PERIMENT 7-B(i) 

It is of some interest to study the transients, i.e., the Stages through 
which the driven oscillator passes before it attains a steady state. For this 
purpose choose a driven oscillator of high Q (say>100) and set the driver 
frequency v a little (say 5 per cent) below vp, Observe 69 of the driven 
oscillator at every 5 or 10 oscillations and plot a graph for 69 against the 
number of oscillations n. Figure 7.1i shows the typical results of an ex- 
periment. You may note that the driven oscillator gains more energy at the 
start than what it has im the steady state. Also the alternate energy 
changes occur with larger periods near resonance. 
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FIGURE 7.11, Vasiation of angular velocity amplitude with the number of oscilla- 
tions during the transient states for different time periods of the driver. 


EXPERIMENT 7-C** To study how the driven oscillator 
lags behind the “river in phase. 


Repeat Experiment 7-A with attention on the measurement of relative 


*The expression E=} C®? is no more valid in forced oscillations. The frequency 
here is not wọ (controlled by C and I), it is œ; therefore the potential energy is not 
just due to work against the internal torque C9, but also has contribution from the 
driving torque. 

**Phase difference of the driver and the driven may be measured with a timer. But 
Lissajous figures are more interesting for direct observation. 
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phase of the driver and the driven oscillator as the frequency of the 
driver changes. The Lissajous figure arrangement, as described in § 7.3, 
useful for this purpose. Affix a graph paper on the translucent screen 
(Fig. 7.1) with its lines at 45° to the horizontal. Mark the image point 
position when both the driver and driven are at rest, and mark the ¥ 
and Y axes and their positive directions corresponding to displacement 
of this point as the driver and the driven respectively are turned say 
clockwise. 

On this graph paper measure the following about the Lissajous figure 
in the steady state corresponding to each frequency of the driver: (i) the 
extreme range along x-axis (2Xmaz), (ii) the extreme range along y-axis 
(2¥mez), (iii) the separation of the two points where the Lissajous figure 
intercepts the x-axis (2x), and (iv) whether Xmas and Jmaz values are 
reached in the first quadrant or the second. 

As discussed in § 7.3 (c), 5 is given by sin1(x/xnuz). Jt is positive since 
you will find that the Lissajous figure is traced anticlockwise. Informa- 
tion (iv) decides whether the value of 3 to be chosen is between 0 and z/2 
or between 7/2 and z. 

Figure 7.12 shows typical Lissajous figures in the steady state corres- 
ponding to several v/vo values. You may note that the tracing is anti- 


V/V = 
0-878 
0-934 


| 0:995 
1-000 
i | 1-027 í 1-097 


FIGURE 7,12. Lissajous figures for different ratios of the frequencies 
of the driver and the driven. 


t161 


clockwise in all the cases, so that 8 is positive always. The lag Sis 
<n/2 for v<vo, and >x/2 for v>vo, the major change of 3 taking place 
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in a narrow range of v around vo. Figure 7.13 shows the 8 vs v/vọ curve 
(along with Og vs v/v curve) for two cases of different Q. It is to be 
noted that at iow frequencies the driver and the driven are nearly in 
phase (60) but at high frequencies they move in opposite phase 
(8=180°). At resonance (v/vp=1) the phase difference is 90°. 


D 


Relotive amplitude 
Relative omplituda 


08 40 12 
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FIGURE 7,13. Variation of phase lags with the driver frequency v/v9 
for two cases. (The amplitude response curves are also given). 


Some further analysis will be of interest here. From Experiment 7-A 
you know Q(=©o/Aer2) and hence you get a(=w0/20). Now use 
Equation (7.3) to compute 3 for several values of and see how they 


fit the observed data. 


Experimentally speaking, the amplitude response curve (89 vs v) and the phase lag 
curve (8 vs v) are two means of studying the driven system (its vy and Q). In most 
experiments like the sonometer, the resonance column, molecular absorption spec- 
troscopy ctc., we use the energy response method. But it is equally good to employ 
the phase method for studying the driven system. For example, the theory of disper- 
sion of light (i.e., variation of velocity of light with frequency) is based on the 
phase difference between the driver (incident light) and the driven (the molecular 
system in‘the medium). Therefore studies on dispersion serve as an equally useful 


tool for the study of molecules. 


RELATED EXPERIMENT 


EX PERIMENT 7-C(i) 

Like Experiment 7-B(i) you may be interested in the driver-driven 
phase relation during the transient stages. Observe the Lissajous figures 
after (say) every 10 oscillations and make a schematic drawing of what 
you see. Figure 7.14 shows one such series. Two points deserve notice. 
The figures are traced clockwise in some stages (5, 6, 7 and 11, 12, 13%, 
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although the steady state figure is traced anticlockwise. Secondly, the 
driver loses amplitude in the early stages, though it regains it later. Try 
to understand these facts qualitatively. 


FIGURE 7.14. The stages before attainment of the steady state, 
shown through Lissajous figures. 


A NOTE ON RESONANCE PROCESSES 


Consider light passing through a gas. Light involves oscillatory electric field of 
different frequencies, and the molecules of the gas have some well-defined natural 
frequencies. Therefore light and molecules behave as the driver and driven. The 
energy absorption from light by the molecules is maximum when the frequency of 
the electric field in light coincides with one of the natural frequencies of the mole- 
cules. Using this principle we determine the vibrational fre 
various compounds. 

Consider again a crystal like NaCl, which really has Na* aud CI“ ions. In the 
crystal there are characteristic frequencies at which these ions oscillate relative to’ 
one another. If light is passed through the crystal, the energy absorption is maximum 
when the frequency of light coincides with the natural frequency of the lattice 
oscillations in NaCl. 

In both the above cases the system under study has a frequency of its own. Now 
consider a case of another kind. Nuclei of atoms have a magnetic moment vu. When 
placed in a uniform magnetic field B these nuclei show ‘a periodic motion (called 
precession) of angular frequency. 


quencies of molecules of 


oy=eB + (7.10) 


If now electromagnetic radiations of angular frequency « are Passed, absorption 
will take place only in the neighbourhood of w=wo. [In practice resonance is 
studied not by changing œ but by changing wo through the magnetic field BJ 

Thus forced oscillations and resonance phenomena are of wide applicability. The 
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scope is widened further still. For many nuclear reactions it is found that the depen- 
dence of reaction on energy E follows the relation 
al Eo) 
4E-E,)* , 
EF *! 
| where Eo and 8£ are two constants of the system and o is called cross section for 
the occurrence of that reaction. Now, in the neighbourhood of resonance Equation 
VI-C(13) in Appendix VI-C can be put in the form 
P(@o) 
Aloa , +. (7.12) 
Aer 
The similarity of the two functional relations may be noted. For this reason, the 
nuclear reaction which follows such a relation is called a resonance reaction with a 
resonance energy E and width 8E. A study of such resonance nuclear reactions gives 
us information regarding the internal energy states of the nucleus. But you may note 
that while frequencies œ, «9 occur in the equations we have developed and used, 
energies E, Ep occur in the equations in nuclear resonant reactions. It is true that 
E and o are connected in quantum mechanics through the equation E=(h/2=)w but 
that means we are applying the concepts of classical mechanics to quantum mecha- 
nics. You will have to cover a lot of ground before you appreciate the significance 
of the extended meaning of resonance without any reference to forced oscillations, 


o{E)= zes 7U 


P(o)= 


APPENDIX VII-A 


THEORY OF FORCED OSCILLATIONS 


1. General 


Let an oscillator 4 have the parameters J, C and r 


as described in 
Appendix VI-C 


- If an oscillator B applics on it 2 torque given by 
Qp4=Qy cos wt 
the equation of motion becomes ’ 
T6=—C0—1r)+Qp cos wt 
Here A is valled the driven oscillator and B the driver, 


For convenience 
the above equation may be written as 


x D, 
Ü+ 21h oton COS wt ... VIL-A (1) 


gs as in Appendix VI-C, 
(1) will have one term 
her of frequency 


where x and wy have the same meanin 

The solution of Equation VII-A 
wo (that of the driven) and anot 
The first will have an e-~” 
VI-C) and will therefore dec 
left with only the term of fre 
driver. The intermediate Stages are called ty 
depends on the e~*t term it is clear that tr; 
large, i.e., Q of the driven oscill 
Steady state oscillations. 


of frequency 
w (that of the driver). 
multiplier in the amplitude (seg Appendix 
ay with time. In the steady state we 


are then 
quency w, which 


is the frequency of the 
ransients. Since their decay 
ansients die out faster if % is 
ator is small. We shall discuss only the 


2. Solution for the Steady State 
Let us try the solution 


O=('y cos (wt—8) 
is the phase /ag of the driven oscillator behind th 
It is conven 
the corresp 
gives 


-^ V-A (2) 
at of the driver. 
ient to use complex quantities et and e") in place of 
onding cosines.* Then Equation VII-A(2) fed into VII-A(1) 


where ò 


ne ee) Aes. des 
Nola? ico, 2a kengeja (cos 3+-i sin 3) 


Equating the real and imaginary parts Separately gives ` 


ji ORR o. 
o C cos § 
Op (2100) 52 sin è 


*Wherever we write eiwt in place of cos àt, we mean Only the real part of the func- 
tion. In the final solution we take the real part only. 
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Hence we get 


E Olt 


Cas ae ENG) 


and tan ar . .VH-A(4) 


we 
We may express the results in terms of Q, instead of x. Since O=w, 2x. 
the above equations give 

Qo/t 


6, P3 
= lo- o) towo 0] . VII-A (5) 

„np Lw 
tan age eC -» .WH-A(6) 

3. Dispiacement Respuase 
Equations VII-A(3} and (4) give the following results: 
(a) At low frequency: For w>0, 
2 Qo 
(do)statee> TOO TH «VII-A (7) 
è—>0 


The response is thus limited by C and the phase difference is zero. 

(b) Amplitude resonance. It is said to occur when 69 becomes 
maximum. It occurs at a frequency ox determined by d0o/dw=0. From 
Equation VII-A(3) or (5) we get 


wR=a/ m ta | ix im) _. VIEAQ) 


(0p) xO» 5 00 
ie. C . VII-A (9 
wg“ 


Thus (0o)r comes out to be very close to Q X (8o)statie 


ema te wr Q\_ 1 1 
(r= 5 tan“ (ae j=; tan-19 . . VILA(10) 


(c) At high frequency: For w—>oo, 
Q9-+0; d->7 


The driver end driven are thus in opposite phase, 


4. Velocity Response 
From the displacement equation 
8=0o cos (wf—d) 
the velocity equation comes out to be 
6=a0q cos (wt— è’); ¥=s—n/2 
Thus the velocity amplitude is given by 


ò oNolI 
e CE ve MAg) 


1 
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The response at different frequencies is then as follows: 

(a) at w-+0 (8)statie=0, 8 =—n/» : 

(b) Velocity resonance. It is said to occur when Yo becomes maximum. 
It occurs at a frequency («)yr determined by d¥o/su=0. Equation 
VII-A(11) leads to 

(u)yr =w exactly .. VII-A(12) 
Correspondingly we get 
x =0 

It is thus to be noted that wọ corresponds to velocity resonance, not to 
the displacement resonance.* 
5. Power Absorption by the driven Oscillator 

In the steady state the power absorbed by the driven oscillator from 


the driver is equal to that dissipated by the driven oscillator. Therefore 
the power absorption may be deduced as follows: 


T 
P= pjata dt=r. | 02 dt=r [b] = L r ġo? 
ò 0 
since Q’=—rb and mean 62} ġo? in a harmonic Oscillator, Substituting 
for 09 from Equation VI-C (6) gives 
Seder I 
Ol ) (o — o?) 0002/02 
or =} Soe VILA 
“co” fe aN LT ... VU-A(13) 
STH 
» r 
since —— 


7 =a==o/20 and I w9?=C. Thus the maximum power absorption 


occurs at o=on exactly and its value is 


On? o? 
Pasame o= E. .. VII-A(14) 


The power falls to half when 


ee 
“ w OQ 

For large Q the two solutions « and ws of this have a difference given by 
o=o = Ao D +. -VIT-A(15) 


This is called the full width at half the maximum power. 


*The difference o.—oR may be compared with the half-width 41/2 (which equals 
®,/Q). From Equation VII-A(8) we get 


oR Oe ~ Aol? 
30 ™ 40 
This shows that the shift between the velocity resonance frequency and displacement 


resonance frequency is small compared with Aw, except when we go to low Q; but 
in the case of low Q resonance itself is rather flat. 


APPENDIX VII-B 


EFFECT OF COUPLING BY MEANS OF 
A LOADED THREAD TIED BETWEEN 
TWO RIGID PENDULUMS 


Figure VII-B(1) shows the thread APB tied to the two rigid pendulums 
at distances peach from the axes of oscillation and carrying a load mg 
at the mid-point P. The thread length is Z and angle APB in the equili- 
brium state is 2¢. 


11B Aji 


FIGURE VII-B (1). The coupling mechanism and the related 
parameters 1,4, p and m. The equilibrium state is shown here. 


The tension F on each thread is given by 


mg 
E= Deos «++ VII-B(1) 
and torque due to it on the pendulum on the right* is given by 
Qoa=F.p sin ($-+Ba) - +. VII-B(2) 


where Ba is the deflection of this pendulum from the vertical in the 
equilibrium state. If Cais the restoring torque factor for this pendulum, 
Ba is given by 


Ca Ba=Qo0 ... VII-B(3) 


* We shall write only one set of equations, for the pendulum on the right. Those 
for the other may be understood by symmetry. 
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At any instant of time let ĝa and 0: be deflections of the two pendu- 
lums, taken positive when anticlockwise [Figure VII-B(2)]. Then distance 
AB increases by p(0,—0x) and hence ¢ changes to d+ Ad such that 

lsin ($+ Ag) = l sin $ -+ plhe— ba) 
“+1 cos. cosd. Ag = p(s—0a) ... VI-B(4) 


FIGURE VII-B(2), Effect of Causing displacements Oa and 8» in the two pendulums. 


The angle at A changes to ($+A¢)+(Ba+0.). The torque on the 
pendulum on the right therefore becomes 


m, . 
ees ET Cea ae psin (6+Ba+Ag-+0,) 


ation VII-B(2) and remembering that all angles 
actice, we get after some working 


Qu= —78P mgp 
F og Ag+ PEE o, 


Comparing with Equ. 
except ¢ are smali in pr 


De 
Substitution for Ad from Equation VII-B(4) finally gives 
— _mgp* —9.). 8P 
Qa T (@o— 0a) + 2 ba +». VIT-B(5) 


It may be noted that this couple is apart from that which changes the 
equilibrium positions by Ba and Bo. If we desire simplicity in form there 
are three alternatives: 

(i) pll cos? ¢ <1, In this case we get 
— MEP 
Qa= ba ... VII-B(6) 

This means that Cu changes to C’a=Ca+ mgp|2 and in comparison 

the influence of 0» on Qa (which is really the ‘coupling’) is relatively small. 
(ii) p|] cos? ġ=1. In this case Equation VII-B(5) simplifies to 


OTER 
Pan 


... VII-B(7) 
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This means that C’s remains the same as Ca and the coupling constant 
is simply mgp/2. 


(iif) pj] cos? d ®1. In this case Equation VII-B(5) gives 


Que tks (9»—0«) 


tan .. < VII-B(8) 


This means that the coupling term becomes now symmetrical in 04 and 0. 

Since our interest is in coupling, the first alternative is of no use. The 
second alternative is quite attractive. It gives a driving couple to o 
lator a in proportion to the displacement of the driver oscillator b 
out affecting the restoring factor of a itself. 

The arrangement represented in Figure VIH-B(3) has a specia! interest, 
because a lens is mounted this way for showing Lissajous figures. The 
coupling may be calculated by revising the equations used earlier, 
Equations VII-B(2), VII-B(4) and VII-B(5) now become 


scil- 
, with- 


FIGURE VI-B (3). The 90° geometry for mounting the lens, 


as EE a ete ): '=45° 
gum PEE, sin (Fee i mas 


2 
1 Ad’=p' (0s — ba). 
and Qa ST (bo — bu) s. a VII-B(g) 


The coupling constant mgp /IV2 is thus considerably smaller than 
the corresponding constants in any of the situations (i), (ii). (iii), discus. 
sed before. Denoting & values in Equations VII-B(8) and VII-B(9) by 
Oraa and Hiene respectively, we get 


Gene __(_\ 2.c08%b (2) 
ut =( 1 JA Minat 


If we consider the example of cos d=0.3. the first factor on the right 
~ 0.04, which is quite small. Thus the 90° geometry makes the lens 
contribute very little to the coupling. 


COUPLED 
OSCILLATIONS 


8.1. FREE OSCILLATIONS OF A COUPLED SYSTEM NORMAL 
MODES 


If two oscillators aand b have an interaction between them they are 
said to form a coupled system, of which a and b are the components. In 
general neither of the two components then oscillates harmonically, 
except in two (and only two) particular situations. These are called the 
normal modes of the system. If we call them | and 2, then in mode 1 
both the component oscillators vibrate with 2 common frequency o, and 
in phase, the relative amplitude 4»/4u being.a specified constant ry. In 
mode 2 again both the oscillators vibrate with another common frequency 
ws and in phase,* the relative amplitude A,/Aa having another specified 
value ra Here and o, are called the normal mode frequencies and 11 
and ra specify the configuration of the oscillation. Figure 8.1 shows the 
configurations for two normal modes in a typical case. 


Fe \! 
m 
Op Oa 
| 
[j Əa 
9p | 
| i 
| | 
| l 
| | 
1 Da 
[j= A 
mode i; 6p /0g 71/3 mode 2, 94/90 = -1/2 


FIGURE 8.1, Configurations for the two normal modes for the system of 
two coupled oscillators of same frequency. 


*In phase means reaching the zero position simultaneously. The case of ‘phase 
difference =" (also called opposite phase) is included here in the term ‘in phase’ 
because A cos (pt+8+=)=—A cos (pt+8), and thus it is equivalent to amplitude 
becoming negative. In a system with multiple components this practice is more con- 
yenient, 
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The theory of coupled oscillations has been outlined in Appendix 
VIII-A. We shall limit our present discussion to the coupling of two 
identical oscillators. The equations of motion of the components a and 


b are written as a 

I a= — Chu + Cao (Oo — ba) 

I §5=—C0y+Cav(8,—0v) EE t A 
where Cw is called the coupling constant and we have taken Cra=Cas by 
symmetry consideraticns. The strength of coupling is-a relative term and 
is best measured by the ratio C,»/C. ‘Theory shows that for C,»,/C<1 
frequencies of the two normai modes and the configurations are 


ey =09= \ CJI; nent z 
oszool(l-+CaælC); m=—! +. + (8.2) 
U= w Cav Saa (813) 


Otaswmec. 

We cou!d think of a coupled system of N identical components. Then 
there would be N equations like (8.1) ard their solution would lead to just 
N different modes, each with a specified frequency wp (p=1 to N) and a 
specified set of configuration constants (r:)p, where p specifies the mode 
and i specifies the component. If some of the wp values coincide, those 
modes are said to be degenerate in frequency, but they will still correspond 
to different configurations. In any case the most important effect of 
‘coupling’ is that N coincident frequencies (all wp) split into N distinct 


frequencies. 


In molecular and solid state physics we so often come across coupled oscillators, 
For example CO molecule has one stretching frequency; in 0-C-O molecule you have 
two CO oscillators coupled, giving two stretching frequencies*. Similarly in water 
two OH oscillators are coupled together to give two stretching frequencies. The case 
of N atoms of sodium in a crystal of sodium is also of interest. In an isolated Na 
atom you have energy levels described by 1s, 2s, 2p, 3s etc. (language of a spectro- 
scopist). In a sodium crystal the N atoms are coupled, so that each level splits into 
N discrete levels. As Equation (8.3) shows, for a given coupling the splitting is small 
if the parent constant C is large. Since the binding energy in Na atom (in effect 
equivalent to C) is largest for the 1s levels and decreases as we go to 2s, 2p, K sgt 
we would expect the splitting to be the smallest in 1s levels and increasing as we go 
to 2s, 2p, 3s... states. This is what is observed; 3s level of Na spreads into a 
broad band in the crystal, while 1s spreads very little. You may object to applying 
the coupling concept to this case, because 1s, 2s, 2p etc. refer to energy levels, not 
frequencies of oscillators. The objection is right. But if concepts of classical 
mechanics are used to draw parallels in atomic and nuclear physics (where quantum 
mechanics alone gives the right description) we have to take frequency as parallel to 


energy! 
8.2. THE EXPERIMENTAL SET-UP 


The arrangement of Fig. 7.1, used for the study of forced oscillations, 
becomes the one for the study of coupled oscillations if the magnet is 


* There is also a bending mode of oscillation in triatomic molecules. Presently we 
ignore that. 
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removed. Thus the two pendulums get equal status as camponents of a 
coupled system, However our experiments will be limited to the case when 
the frequencies va and v» are matched to equality within half-a per cent. 

The coupling mechanism has been described in § 7.3(b) and the theory 
_ is given in Appendix VII-B. Referring to Fig. VII-B(1), we shall keep ¢ 
large enough to make pj/ cos*éS1, so that the coupling is given by 
Equation VII-B(8): 
mgp* 

27 cos¢ -+ (8.4) 

Typically, C of a pendulum is~3xX107 dy cm/rad. With p=10 cm, 
1=50 cm and cos ¢=0.3(¢~72°), you find that m=10 gm makes 
Ca»[/C~1 per cent, and this factor increases in proportion to m. 

The excitation of the normal modes and measurements are made with 
the help of Lissajous figures [see § 7.3(c)]. Figure 8.2 shows some extra 
features of use. O is the equilibrium position of the spot of light on the 
graph and OX and OY represent its motion corresponding to the clock- 
wise rotation of oscillators a and b respectively (vide Fig. 8.1). Now, for 
the coupled system with identical components, Equation 8.2 shows r=+-1 
for mode 1 and —1 for mode 2. A position of the spot of light along OB, 
in Fig. 8.2 means Ay=Aa, i.e., ratio r=+1, which holds for mode 1. 


Qav=C ar (Oo — 0a); Ca = 


FIGURE 8.2. Displacements of the Lissajous spot 
corresponding to modes 1 and 2. 


Similarly light spot along OB, corresponds to mode 2. A light spot like 
N represents X and Y displacements in the ratio +5 :—3; but our interest 
is not in this. We take the components of ON along OB, and OB: they 
come in the ratio 1:4, showing that it corresponds to mixture of the 
modes 1 and 2 in this ratio, Thus with the help of the spot of light you can 
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start the oscillations in any pure mode or in a desired mixture of the two 
modes. 


EXPERIMENT 8-A* To measure the coupling factor Ca, 
between pendulums and study its 
dependence on different parameters, 


Take two rigid pendulums identical in all respects including the place- 
ment of their sliding masses. By finer adjustments equalise their periods 
within half-a per cent. Now attach the coupling device and Lissajous 
figure device described in $ 7.3(b) and (c). i 

Let the Lissajous spot be at O (Fig. 8.2) when the system is in the 
equilibrium state. Now deflect one pendulum a such that the Lissajous 
spot deflects along OX by an amount xy. This corresponds to an angular 
deflection 9. in pendulum a. Measure the resulting deflection X caused 
along OY, which corresponds to deflection 0, in pendulum b. It means 
that pendulum 6 has received a torque Cl) due to angular deflection 0, 
in pendulum a. 

We thus have 


C= Ca ++ + (8.5) 
Since xo and v are proportional to 6. and 0, respectively, you get 
Cay _ Ny t 


+++ (8.6) 


You may also do tne reverse. Deflect pendulum h by yo and measure 
the resultant deflection x caused in a. Then x/yy gives you Co./C and 
you may check that Cyu=Cuy ** 

Now the theory (Appendix VII-B) shows that Ca, depends on the 
parameters p, m and ¢ of the coupling mechanism according to 
Equation (8.4). You may therefore vary m, pand ¢ in turns and see how 
the observed Cw/C varies in each case. Figures 8.3(a), (b) and (e) show 
the results of one such study. We leave it to you to comment on them, 
However, it is good to measure C and then to see how far the theoretical 
Ca,/C agrees with the experimental one. 


RELATED EXPERIMENT 


EX PERIMENT 8-A (1) 
Couple two pendulums of unequal C values but equal periods 
Equation (8.6) now gives Cu»/Cu=y/xo; the corresponding equation fay 


*This is a preliminary static experiment to enable you to appreciate the role of 
different parameters in determining the coupling. See Appendix VH-C tor the 
theoretical approach. In practice the coupling ratio Cu» C has to be kept small 
(0.1 or less). Hence the measurements are not accurate. Yet they give useful insight, 

**Here this is to be expected from symmetry since the two component pendulums 
are identical. 
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the reverse exercise being Cya/Cs=x/j9. Repeat Experiment 8-A to 


measure }'/xy, and x/yy, and then deduce Cu, and Cou. See if they come 
out equal. 
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Variation of the coupling with (a) (cos 4)~*, (b) m, and (c) p?, 
EXPERIMENT 8-B To study the frequency of norma 
modes in a coupled oscillator. 


With the arrangement of Experiment 8-A, turn both the pendulums 
clockwise or both anticlockwise in such a way that the Lissajous spot 
(Fig. 8.2) is along the horizontal line B, OB,’ (anywhere). Release both 
the pendulums simultaneously.* The spot will move along line ByOB,' 
back and forth steadily for quite a long time.** This means that the 
two com,‘onent pendulums maintain the same frequency and amplitude 
ratio. Such a mode is called a normal mode of the coupled system. 
Measure its period T4, hence frequency vı. An initial spot displacement 
along the line BOB,’ and simultaneous release of the pendulums results 
in oscillations in another normal mode of the system. Measure its period 


*The periods are ~1 sec; hence 1/10 sec difference in Telease time amounts to 
a phase error ~2=/10, which is not negligible. Hence care is needed in this. 

**The amplitude will decrease with time (due to damping) but the line of 
oscillation will not change. 
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T», hence frequency v». Repeat the measurements with different coupling 
masses mm, and plot vı vs m and v, vs mon the same graph. 

Figure 8.4 (a) shows the results of a typical experiment with para- 
meters given in the inset. Unlike the expectation from Equation (8.2), 
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FIGURE 8.4, (a) Variation of frequencies of the two modes with the coupling mass, 
(b) Frequency splitting vs coupling mass m for the data of (a). 
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the mode 1 frequency does not remain constant; it decreases as the 
coupling increases. (You may look into Appendix VII-C and Appendix 
VIII-A to search for the reason.) In any case the splitting v.—», increases 
with increasing m. The frequency splitting Av=vo—v, is plotted against 


m in Figure 8.4(b), which shows linear relation. 

The theory (Appendix VIII-A) shows that the frequency splitting is 
related to the coupling factor through Equation (8.3). You may measure 
Cu»/C by a static experiment* like Experiment 8-A and compare it with 
the cbserved Av/v9 (= Aoo). 


If the two components in the coupled system are not identical in I and C (though 
equal in To), or if the coupling load is not placed symmetrically, most of “the afore- 
said statements will not be true. Typically, the normal modes do not correspond to 
equal amplitudes and you will have to try different initial release positions for the 
pendulums (as seen by the Lissajous spot) till you get a trace which does not change 
with time. It is good to check these facts by experiment. But we shall limit our 
experiments to systems with identical components. Fortunately, in most situations 
in molecular and solid state physics you have to deal only with the coupling of 
identical oscillators. Hence the limitation is not serious. 

Incidentally, with the coupling load on, if you measure the period of a when b is 
clamped or of b when a is clamped, they do not come out to be To (see Appendix 
VIII-A for the reason). 

The digital timer may be used to advantage for measuring v, and va. In setting 
the two ‘free’ oscillations to equality of period within 0.5 per ¢ent or so, use of a 
stop-watch will mean timing about 100 oscillations of each at every stage of the 
trial. A timer will need just one oscillation for the measurement. Further, you would 
like to keep the shifts of v: and vz from vo small—within 10 per cent in most 
situations. That means you need ~!l per cent accuracy in order to get meaningful 
data about the frequency shifts and split. With a stop-watch you need to timé around 
100 oscillations, within which time the amplitude falls considerably, and (what is 
more serious) any small mixture of the two modes starts showing up (see Experi- 
ment 8-C). A timer eliminates this problem too. The Lissajous figure device is still 
of use in starting the oscillations in the desired normal mode and in seeing if the 
mode changes with time (i.c., mixed modes show up). 


RELATED EXPERIMENT 


EX PERIMENT 8-B(i) 

Couple two pendulums whose periods are equal but C values are not 
equal. Start the coupled system with Lissajous point (Fig. 8.2) along 
either OB, or OBg and see that the trace changes with time. It means 
that the pure modes 1 or 2 do not now correspond tol: lorl:—1 
amplitude ratio, 

By repeated trials find two lines OB,’ and OB,’ (not shown in Fig. 8,2 
such that if the initial starting point is along one of these, then the 
oscillation goes on unchanged, i.e., the Lissajous trace is steady along 
the line. The projection from a point on this line on the ¥ and Y axes 


*You could as well compute C, from the data in the inset of Fig. 8.4(a) and 
Equation 8.4. But C will have to be determined then. 
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of Fig. 8.2 give the configuration (amplitude ratio) for the corresponding 
normal mode. 

Estimate Ca and C, and compute the configurations of normal 
modes from the theory given in Appendix VII-A. Compare them with 
the experimental values. 


EXPERIMENT 8-C To study the frequency of energy 
transfer between the components in 
coupled oscillations. 


Give the system of Experiment 8-B an initial displacement which is 
neither in mode 1 nor in mode 2. (see § 8.2). Typically, you may excite 
the coupled system by giving any one pendulum an initial displacement 
which would mean that the mixed mode excited has the modes 1 and 2 
in the ratio 1 : 1. Now watch how the Lissajous figure changes with the 
passage of time. It will be noted that if initially the excitation energy is 
given to pendulum a, in course of time whole of it passes to b, 
subsequently it returns to a, and so on. As shown in Appendix VIII-A, 
the frequency with which this cycle of energy transfer occurs is equal 
to the difference of frequencies between the two normal modes (Av). 
Determine the period for this exchange of energy and hence Av. Repeat 
this for different coupling masses mand plot a graph between Av and 
m. Figure 8.5 sho:;s the results of one such experiment where the 
coupling was kept weaker by keeping ¢ and p smaller (see Equation 8.4). 
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FIGURE 8.5. Av vs m observed through frequency of energy transfer. 
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You may note that while Experiment 8-B measures v; and ve from which their 
difference Av isto be computed, this experiment measures Av directly. In keeping 
with the general principle that small differences of large quantities are best measured 
directly, this Experiment 8-C is better for determining Av. That is why this experiment 
enabled us to get Av vs m data for much smaller coupling than that used in Experi- 
ment 8-B, although the information given by Fig. 8.4 (a) is now missed. 


RELATED EXPERIMENT 


EX PERIMENT 8-C (i) 


Couple two pendulums whose frequencies va and vy differ by (say) 10 
Percent. Start the coupled system with the Lissajous point in various 
orientations in Fig. 8.2, and in each case see if the trace would remain 
a straight line passing through 0. Thus search for the two lines OB’; 
and OB’, [as in Experiment 8-B (i)] which would correspond to the two 
normal modes. Hence deduce the configurations for these modes. Also 
measure the normal mode frequencies. 


EX PERIMENT 8-C (ii) 


Extend the above experiment to see the result of increasing the 
coupling strength on (i) the configuration of the normal modes (ii) the 
frequency separation. 


EXPERIMENT 8-D To study the details of energy 


transfer between the components in 
coupled oscillations. 


Repeat Experiment 8-C, with attention on the measurement of the 
energy of oscillations Ea and E» of the two pendulums against the 
number of completed oscillations. The energy may be measured with 


the use of the digital timer, which measures ĝa and 6y (as in Chapter 6). 
Plot Ea vs n and Ep vs n on the same graph. 

Figure 8.6 shows the results for a typical experiment when modes 1 
and 2 were mixed in the ratio 1 : 1 (see § 8.2). One cycle of risg¢ and 
fall of Ea occurs in 47 oscillations (average), i.e., in time 47T. Hence 
the beat frequency is (47T)-1 Hz and this equals the frequency split Av. 
Since mean v equals T-1, we get Av/v=1/47 = 2 per-cent. 

We further note that Ea is maximum when Æ» is minimum and pice 
versa. The sum of Ea+E» would remain constant if there were no 
damping losses; but as we see from Fig 8.6, the sum falls with n and 
we may deduce Q of the coupled system as in the experiments in 
Chapter 6. 

Figure 8.7 shows the results for an experiment when the modes 1 and 
2 were mixed in the amplitude ratio 2:1 (see § 8.2 and Figure 8.8; the 
Lissajous spot was initially at M). In this case the minima of neither Ea 
nor E» fall to zero. 
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A mixed mode oscillation in the Present case may be represented by 
the equations 


Energy in components a ond b (arb.units) 
N 


Number of oscillations, n 


FIGURE 8.6. Energy in individual component pendulums ys the number 
of oscillations, when the*two modes are mixed in equal proportions. 
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FIGURE 8.7. Variation of the energy of individual component pendulums with the 
number of oscillation when the two modes are mixed in unequal proportions. 

4 = Ay cos (w+ 81) + Ag cos (wat +8) 

8 = Ay cos (wrt +-81) — Aa cos (wt +8) 
When (wt + 31) — (wot + 8) = 2nz, the amplitude of 04 becomes 
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maximum (4,-+A,) and that of 0s becomes minimum (4,;—Az). Hence, — 


expressing amplitudes by (9a) and (0%), 
(Ba)maz _ ArtAs, (Ea)maz _ (Ay +A,)? 


(Os)min A A EDan rA 
when (wit +81)—- (62t +8.)=(2n+1)z, we find (04) becoming minimum, 
and (0,) maximum. This time 


(8) maz _ Art+4g, (Ev)maz _ (A1 +4)? 
(Ba)min AA? (Ea) min (41-4) 


The ratio of the peaks in Ea to dips in E» or peaks in Ey to dips in Ea 
in Fig. 8.7 should therefore be the same. The inset in Fig. 8.7 marks the 
Enea: and Euip at 5 stages, and their ratio comes out nearly constant. 
The square root of this ratio gives (44-++-A»)/(4;—A.), whence Ap/ Ay is 
deduced. This may be compared with the mode amplitude ratio with 
which the oscillations were started. 


RELATED EXPERIMENTS 


EXPERIMENT 8-D(i) 
Start the coupled pendulum in a mixed mode and measure the period 
T of any one component (a or b) at intervals of (say) every 5 oscillations. 


Plot a graph between T and the number of oscillations n. Interpret Tmaz, 
Tmin and the repeat interval An. 


EX PERIMENT 8-D(ii) 

Start the coupled pendulum in a mixed mode, and observe the Lissajous 
pattern. Sketch the patterns (schematically) after the completion of (say) 
every 10-oscillations. Interpret the variations in the shape, particularly 
the straight line traces and the most open elliptical traces. Figure 8.8 
may help. For 2:1 amplitude ratio the starting point is one of the four 
corners of the dotted rectangle and the initial trace is along the diagonal. 


EXPERIMENT 8-E To study the coupling of simple 


pendulums through a bar support. 


Figure 8.9 shows the drawing of a mechanism in wHich a horizontal 
bar, oscillating about axis OO’, has in it a number of screws 4, B,C, D 
which support simple pendulums of varying lengths (lower parts not 
shown). As the bar makes angular oscillations about OO’, the suspension 
point of each pendulum makes oscillations—and the amplitude of this 
is proportional to the separation(s) of the suspension point fromthe line 
QO". This separation can be varied by turning the screws A, B, C, D. One 
canhave s positive or negative too; in Fig. 8.9 the tip of A is below the 
OO’ line while that of B is above. The pendulum lengths—and hence the 
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FIGURE 8.8, Light spot in the Lissajous figure arrangement in relation 
to modes 1 and 2. 


vo Values—are unaffected by the coupling, which is a significant poiut 
about this system. 


FIGURE 8.9. Coupling of pendulums through the common suspension bar. 


An essential consideration in a coupling system is that it should not 
have a frequency of its own. To ensvre this with the bar Coupling two 
masses My and Mo are mounted on the bar (Fig. 8.9). Mı can be moved 
horizontally and transverse to the bar to keep the screws vertical in the 
equilibrium state, and M, can be moved vertically till the bar (without 
the pendulum loads) shows an oscillation period T->co, 
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If you desire to use this system for the study of forced oscillations, 
the ‘driver’ may be chosen as a pendulum with a heavy mass and variable 
length, and the ‘driven’ may be a pendulum with a small mass anda 
damping device. Can you see why these requirements arise? The best way 
is to set up the experiment and then learn from it. See how the response 
of the driven pendulum varies with s ranging from positive to negative. 

For the study of coupled oscillations, two pendulums (A, B) of identical 
bob mass and thread lengths may be chosen, with s4 and gp as the variants 
available. You may see what happens when s4=ss=0 or SA=Sp=8 OT 
S4=—SB=S OF $44/8n/: It is an interesting exercise. 

EXPERIMENT 8-F To study the coupling of rigid 
pendulums when one rides over the 
top of the other. 


Figure 8.10 shows a mechanism in which pendulum A oscillates on a 
fixed support, whereas B oscillates on a platform which is mounted 
‘on the top of A. The vertical separation s between the axes of oscillations 
of A and B can be varied by mzans of screws. Like the system of Figure 
8.9 this may also be used for the study of either forced oscillations 
coupled oscillations. No intermediate 
in the coupling. Therefore, in principle, 
theoretical ideal. 


or 
‘loose’ component is involved here 
this is a neat system—nearest the 


FIGURE 8,10. Coupling of two pendulums when one tides over the other. 


Thus our choice of the coupling through a loaded thread was the poorest of the 
three alternatives we had developed! The reason for that choice was the easy 
variability of the coupling and the use of Lissajous figures device. 


APPENDIX VIII-A 
THEORY OF COUPLED OSCILLATIONS 


1. System with Two Degrees of Freedom 
When two oscillators aand b are coupled together, their -equations 
of motion become 
Iaba=— Caba + Catho t .. -WHI-A(1) 
Isy = — Cro + Catha 
where Cap represents the coupling constant and the other terms have 
their usual meanings. The oscillators are said to form one system, com- 
prising two moving parts. 

In general neither a nor b shows simple harmonic motion. But all 
possible motions of the system can be shown to be the superposition of 
just two modes, called the normal modes of the coupled system. The 
characteristic of a normal mode is that in it all the moving parts (here 
two) oscillate simple harmonically, with the same frequency, and in the 
same phase.* 

Let a normal mode solution of Equation VIII-A(2) be 

Oa= Aa cos (wt+8) ; =A» cos (wt-+-8) 
Substitution in VIII-A(1), and recalling that Ca//a=wa? and Co/I,=w,?, 
we get 


CEPE ce 0,=0 <. .WIII-A(2) 
-52 Oa+ (w? — w2) 0.=0 
Cas? 
Sience (0—0) (2w) = . . .VHI-A(3) 


This equation gives two (and only two) values of w?, which we call w? 
and w,?. The corresponding modes may be called mode 1 and mode Pe 
and their configurations are given by the ratio 05/0a=A»/Aa. We get 


geer me maa 
Oa /mode 1 Aa Jmode 1 © Calla .. VIII-A (4) 


(Se won? 
Oa /mode 2 Aa Jmode 2 = Cav/Ta 
As an example consider a case when 

wa=w, la=4 Iv, Cav/Ta=0.1 wo? 


* See footnote on page 154. 


168 MECHANICAL SYSTEMS 


The equations give the following normal mode frequencies.and configu- 
rations 


«1 =0.894 wa; w,=1.096 wa 


Ao Zah Ap TA 
Aa Jmode 1 AAN Aa Jmode 2 


As another example consider the case 
w=2w,, La= Iv, Cav/la=0.2 w? 
The results for this case are 
w1=0.447 wa ; w2=1.025 wa 


Ay ) Leis (4 ay 1 
Aw model >° (Aa Jmode2 “TF 


Thus the two normal mode frequencies and rel 
follow no simple rules; 


ative amplitudes in them 
they depend so much on the parameters of 
the’ two component oscillators. For Cav positive (i.e., clockwise 0» 
causing clockwise torque on oscillator a) the mode of higher frequency 
has a and b oscillating Oppositely (i.e., amplitude ratio negative). The 
general oscillation is a superposition of the two mode: 


s and may be 
written as 


9a=Aay COS (wyt-+84)-+Aas cos (w,t+8,) 
®4=Av1 Cos (wyt+8)-+ Avs cos (w,t+8) 


where the ratios 4»4/Aa, and Av2/Aas are given by Equation VIII-A(3). 
The boundary conditions decide Aaj, Avo, 8; and 85. 


2. System with Three Degrees of Freedom 

The equations of motion for a system with three degrees of freedom 
will be $ 

Iaba=— Calu HCavho-tHC eale 

Tvbo= + Cava—Cv0o-+Co e0, 

Tebe= +CeadatCve0v—Ce0c 

where Ca», Coe and Cea are the three cou 

leading to the normal mode frequency w 


Gary! Gaa 


.. .VIHLA(5) 


pling constants. The equations 
are, like Equation VIII-A(2), 


(wa? —w?) 0 a— Te O» Ta 9e=0 
Cc ; 2y9,— E 

-6a pakl oe T 6.=0 » + VIII-A (6) 
Cza Cio 


Te Da T bot (oo? —w?)8,.=0 


Therefore w is given by the determinant equation 


ne RON. et 
. Ia Ta 
EOD og Big eas 
PEE aS Te 
Coa Coe 


ea a or) 
Ie We me. ni . - .VII-A(7) 
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This would give three (and only three) solutions for w?. You may extend 
the idea to state that for N oscillators, which are coupled together to 
-form a system, there will be Ņ equations like — -~— 
1,6:=— Ci0:+3'Cis8s . . -VIII-A(8) 
and these will give exactly X solutions for w2. Each formal mode will 
have a distinct configuration (i.e., relative amplitudes of the component 
oscillators). Two or more normal modes may coincide in frequency, yet 
they are distinguished by the configuration of the oscillation. Such modes 
are said to be degenerate. 


3. Coupling of Identical Oscillators 
If we consider two identical oscillators (Ta=J,=J, C=C), the coupl- 


ing is expressed more conveniently as* 
TWa=—C0a+Car(0v—O0a) 


16y=—C0.+Cav (Oa— bo) «. .VILH-A (9) 
In the absence of coupling the frequency wọ is given by 
ee AS) 
wo Sir 


The coupling adds for oscillator a one torque —Cay 0a and another 
torque Cap%. The first may be considered as responsible for changing 


| wo to wo’ given by 


ee C+Cav 
Ue ae ae 


and the second is the coupling (torque on a due to b). 
| We shall use a different procedure for solving Equation VIII-A(9) than 
that given in`§ 1 above. Adding and subtracting the two equations in 


turns we get 


2(0a— 
res Ws 0) __(C42C.) (Oa—8») . . .VIII-A(10) 
Thus the first equation involves only 62+ 9, the second only @.—6,, 
These are called normal coordinates and for them the equations become 
uncoupled. The solutions of these equations give the two normal modes 


and 


mode I Oa+0,= Ay Cos (wt à1) ; 

r C 
with w=- =a? .. -VII-A (11) 
mode 2 Oa—05—= Az cos (wot +83); 
with ata C42 


* C=Ca+Cad=CatCar, 
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Now pure mode 1 means A,=0, which leads to 


a 
Thus the two oscillators move with equal amplitudes in both modes, but 
the phase difference is zero in mode | and x in mode 2. 
Consider a typical case of weak coupling, Ca» = 0.04C. Then the 
equations give 
wo =1.02 9 3 #1 = 3 O2=1.04 o0. You may see that 


—« Cav 
Bete = 
i 0.04 C 


... VIII-A(12) 


which means that for weak coupling the fractional frequency split is 
equal to the ratio of the coupling constant to the restoring constant of 
each component oscillator. 


One could have strong coupling too, like Ca,=2C. Then one gets 
9 = 1.73 o0; ©1=O9; ©2=2.24 wo 
Equation VIII-A(12) is not applicable for cases of strong coupling. 


4. Superposition of Modes and Beats 
A general oscillation of the coupled oscillator involves superposition 
of both the normal modes. Equations VIII-A(11) lead to 
Ba=3[Aq cos (ort +81) +A cos (wat +-8.)] 
0y=4[A, cos (ct -+81)— Ay cos (w,t+-8,)] s u VILAS) 
Both these equations show that the motion of the pendulums would 
not be harmonic, but would show beats of angular frequency w~ w1. 
If Aa and A» are the amplitudes of a and b respectively, we have 
E E when (cat +8,1) =(@st-+ 32) 
and 
qe | when (o1 t-8-)=(0st +8.) +7 
Thus the amplitude Aa becomes maximum when A» is minimum and 
vice versa. For any mixed mode the proportion of the normal modes 
present may be deduced from (Aa)maz and (Aa) nin. Thus 
Ay=3[(Aa)maz +(Aa)min] 
Ap=}[(Aa)max —(Aa) nin] ... VHI-A(14) 
The fact that the beat frequency is equal to the difference of the fre- 


quencies of the two normal modes is useful in determining the frequency 
difference, 


STUDIES WITH THE 
TORSIONAL TRANSMISSION LINE 


9.1. INTRODUCTION 


The propagation of waves is perhaps best understood in terms of 
transfer of energy through a system of coupled mechanica! oscillators 
arranged as a transmission line in one dimension. One can visually 
observe how the velocity, wavelength, reflection etc. are dependent on 
various parameters of the line and are mutually related. One can also 
study reflection, transmission and scattering at a discontinuity. 

Some additional features also come out because the transmission line 
isalumped medium with a finite number of units, as distinct froma 
continuous medium. Firstly, the number of normal modes of oscillation 
is finite (equal to the number of lumped units), each mode having a 
specific configuration of its own. Secondly, w/k is not constant, i.e., the 
line shows dispersive character. In fact, w attains a limiting upper value 
ce, Which is the cut-off frequency for the system. 


9.2. DESCRIPTION OF THE TORSIONAL TRANSMISSION LINE 


A flat steel measuring tape, 6mm wide and ~2 m long, is suspended 
vertically on a stand and loaded with several dumb-bells, clamped at 
equal spacing. Each dumb-bell comprises of a horizontal rod, about 25 
cm in length, carrying loads of ~50 gm each on either side. The clamping 
is achieved with a flat contact of 6 mm width, so that no discontinuity 
is produced, which otherwise may result in a frictional loss. The loads 
on the dumb-bell can be slided in and out so that the moment of 
inertia may be varied from ~ 500 to ~ 12C00 gm cm?. The dumb-bell 
spacing along the tape can be varied from about 3 cm to 30 cm. Figure 
9.1 gives a photograph of the apparatus. 

A circular scale is mounted on the stand to.measure the angular 
displacement of any dumb-bell. There is also a provision for clamping 
one or more of the dumb-bells to the stand. At the bottom end of the 
tape a heavy load is suspended to minimise the variation of tension along 
the tape; but the moment of inertia of this section may be matched with 
that of the other dumb bells in the line. The bottom section may be re- 
placed by a wire-net, which may be dipped in water up to different depths 
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(see Figure 9.1). This provides a variable (and measurable) termination 
atthe lower end. 

Two straight aluminium rods, ~ 2 m long and 1 cm x1 cm cross- 
section, are provided to make all thc dumb-bells come to equilibrium 
state at the start of an experiment. 


9.3. CONSTANTS OF THE LINE 


The torsional line may be treated asa chain of coupled oscillators, 
as shown in Figure 9.2. The behaviour of each oscillator depends on 
the parameters : (i) moment of inertia 7, and 
(ii) restoring torque factor C, which depends 
on the tape length (spacing) a. Since C is pro- 
portional to l/a for a given tape, it is useful 
to define 


C'=Ca (9.1) ; 


where C’ is restoring factor for unit length i 
and hence is a constant for the given tape 
(units: dy. cm?/rad). 

For purposes of comparison it is useful to 
define a uniform line equivalent to the Jumped 
line. If dumb-bells of moment of inertia J 
each and spacing a are replaced by those 
of moment of inertia J/n each and spacing 
ajn, then with n— co we get a uniform 
equivalent line. It is equivalent in so far as the 
moment of inertia per unit length of the line 
(I') remains the same. We thus define J’ 
through 


T 


J 
1 
FIGURE 9.2. The transmis- 


l'=Ija R TEE sion line viewed asa system 
of coupled oscillators. 


The period of oscillation of the individual oscillator is given by 


aTe T T 
Teel. Mes = F 
0 N C 2na Ni > a e e (9.3) 


n=VvCT=VCl (9.4) 
is called the characteristic impedance of the line. It governs the reflec- 


tion and absorption of waves. If J’ is kept constant, then -, will be 
constant for different ‘lines’ on the same tape. 


Appendix IX-A gives the theory of oscillations on the transmission line. 
The main results are the following. For A®a the wave velocity is given by* 


r= J$- TE ++ 9.5) 


*w=25/T and k=2n/2, Hence o/k=?/T=velocity, 


The quantity 


=z 
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and for low A values (high k) w tends to a maximum value maz given by 


Dive fer 
cone =2,/¢ nae 9:6) 


The traversal time per section (Ts) is given, using Equation (9.5), by 


a Oe NNT eels 
ey eel tae ent) 
9.4. EXCITING THE TORSIONAL TRANSMISSION LINE 


Modes in a bounded transmission Jine may be excited by the resonance 


loaded 
threads 


FIGURE 9,3, The mechanical driving oscillator coupled to the transmission line.* 


“This is similar to the one shown in Fig. 5.2(b) and described 


in $ 5.3, except that 
no magnet is needed here. 
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technique. As shown in Figure 9.3 a mechanical oscillator is coupled to 
one dumb-bell unit of the line (by two loaded threads), providing a 
harmonic driving torque of variable frequency œ. The normal modes (also 
called the standing wave modes) are excited whenever of this driver 
coincides with the frequency of one of the normal modes of the line. A 
normal mode is judged by the criterion that in it all the dumb-bells 
oscillate in phase, i.e., they come to rest simultaneously during the oscil- 
lations. Absence of this condition means oscillations in a mixed mode. 

However, two problems arise because of high Q of the system: (i) The 
transients die out very slowly, so that each trial needs several minutes; and 
(ii) fine frequency changes have to be tried out to locate the resonant 
frequencies. For the latter reason two smaller sliding masses are pro- 
vided on the driver-oscillator (Fig. 9.3) for fine changes in J and hence 
in œ. However, normal modes may also be excited by giving initial 
displacements matching the theoretical configuration for each mode (see 
Appendix IX-A, § 4). 


It may be noted that in physics the normal modes are always excited through the 
resonance method. Therefore it will be interesting to use that method. The con- 
figuration for each mode then appears as the natural result of excitation. But the 
process needs lot of time and careful trials. Therefore we will use the second 
method, although the results of two case using the resonance method wi!l be cited» 


For the study of wave velocity, reflection, transmission and absorption, 
the pulse method will be used. All the dumb-bells are initially brought: 
to rest, and then one dumb-bell is given an angular displacement slowly, 
going up to the desired amplitude (typically 90°), and then released. The 
rate is to be slow enough to ensure that as this dumb-bell is turned, the 
pulse spreads over to several dumb-bells (typically 5 or more). Appen- 
dix IX-A shows that the system is dispersive (w/k changes with k) at 
high k values, i.e., small A values. The ‘smallness’ is to be judged relative 
to the dumb-bells separation a. A pulse spreading over several dumb- 
bells means that we are working in the larger A (smaller k) range, where 
ofk is almost constant, i.e., the medium behaves as a non-dispersive 
one. The timing of the whole process determines the ‘shape’ of the pulse; 
however, for a slow enough pulse (as described above) most results do 


-4d| Section number 


Angular displacement .® 


FIGURE 9.4(a). One typica Ipulse shape. 
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not depend sharply on the pulse shape. For this reason a mechanical 
device to ensure the generation of a reproducible pulse is not necessary. 

Figure 9.4 (a) shows the pulse described above. You may note that 
dumb-bell 0, from which the pulse is generated, is released at some 
angle (here 80°) and not brought to 0=0. But you could as well bring 
the dumb-bell back (slowly, of course) to 0=0 before release. The 
pulse generated then will have a shape shown in Fig. 9.4(b). 


bp œ 
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FIGURE 9.4(b). Another typical pulse’shapes. 


EXPERIMENT 9-A To determine the constant C' of the 
transmission line. 


Mount a single dumb-bell (inset Fig. 9.5) on a sample of the same tape 
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FIGURE 9.5. Variation of restoring factor for unit length (C’)with the dumb- 
bell spacing a. 


as used in the transmission line. Study the period of oscillation with 
different tape lengths a. Using the formula 


deduce C and hence C’=C.a. Plot a graph between C’ and a. 
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Figure 9.5 shows the results cf a typical experiment. We expect C' to 
be independent of a, but in practice it falls off a little as a increases from 
a low value. (For practical purposes we may take C’=24x 104 dy cm?/ 
rad for all the experiments discussed hereafter). 

Next, with a fixed, suspend various loads on the section with the help 
of a thin and long” thread (see inset, Fig, 9.5), and measure C’. Plot a 
graph for C’ vs the load. Figure 9.6 shows the results of a typical ex- 
periment. For a load equivalent to 30 dumb-bells C’ shows a small 
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FIGURE 9.6, Variation of C’ with load at the bottom end. 


increase (~ 8 per cent). The restoring torque arises partly from the 
elastic properties of the tape and partly from tension (as in a bifilar 

` suspension). The increase represents the latter contribution; that it is 
small means that the steel tape behaviour is dominated by the elastic 
character. We may therefore treat C’ at the upper end of the transmission 
line (where tension is larger) as about the same as at the lower end. 


EXPERIMENT 9-B To study the dispersion relation in 
the transmission line. 


In a lumped line of N units there are X normal modes of oscillation, 
each with characteristic configuration and frequency. Appendix IX-A 
gives the relevant theory. Your Purpose is to measure w for the different 
modes and to see the o vs k relation. 

Clamp the V-+1! dumb-bell from the top, thus leaving N dumb-bells 
in between free to oscillate, Appendix IX-A shows how the configuration 
for each mode can be calculated in advance. The insets in Figs. 9.7 (a), 


*This will keep the contribution to restoring torque due to the thread negligibly 
small. 
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(b) and (c) show the configurations thus deduced for all the modes with 
N=3, 4 and 5 respectively. 
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FIGURE 9.7.(c) 


FIGURE 9.7. Dispersion curve (œ vs k) for a lumped line with (a) 3 sections. 
ib) 4 sections, (c) 5 sections, for the same values of 


aand I (The corresponding 
normal mode configurations are also show 


n in each figure), 

Displace the dumb-bells initially according to the precalculated con- 
figuration for the desired mode and release them simultaneously. Watch 
the oscillations for some time; if the dumb-bells continue to oscillate in 
phase (i.e., reach their rest states simultaneously), you are assured that 
the oscillation does not have appreciable mixture from the other modes, 
Under these conditions, measure the period T with a stop-watch and 
hence deduce o (= 25/T). The k value for the modes are given by* 


PN Aa 
Plot a graph between w and K in each case. 


k= 


Figure 9.7 give the results of a typical experiment with N=3, 4 and 5. 
The continuous curve in each case 


is the theoretical curve computed 
from the equation 


Se eens 6° ts) 
Fa 8) 
(see Appendix IX-A), using the measured values of C', I and a. The 
agreement of the observed data with the theoretical curve is remarkable. 

*Largest ż=2L=2 N +1)a. Hence smallest k 
are integral multiples of this. 


L==/(N+1)a. Other k values 
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EXPERIMENT 9-C To study the normal mode configu- 
rations and dispersion relation in 
the transmission line using the 
resonance method. 


Couple the driver oscillator to the transmission line as shown in 
Fig. 9.3. Start the driver oscillator at different frequencies and each time 
look for the oscillations developing in the line. In each attempt you may 
have to wait for 5-i0 minutes.* In most cases you will find the different 
dumb-bells oscillating in different phases; but in some cases a normal 
mode is excited, which means that all the dumb-bells oscillate in one 
phase. The relative amplitudes of the dumb-bells now remain fixed, this 
set of relative amplitudes being called the configuration. In these cases 
you may determine the frequency of oscillations, ©. The corresponding 
k is given by (z/L)p, where p is the number of segments into which the 
total line length Z is divided by the configuration. Thus you get « vs k 
data for the line. Foy each normal mode you may also estimate the 
ratio of amplitudes of the successive dumb-bells so as to represent the 


configuration in a diagram. 


It is useful to calculate the lowest k(k:==/L) and hence o=kV CTI. The driver 
frequency may be set a little above this value and gradually decreased** to search for 
resonance. For the next mode, the frequency may be set a little above 2; and gra- 
dually decreased in search for resonance. It is useful to remember that if ph mode 
frequency is «wp, the frequency of the p+ 1th mode is a little below o», (pi Dip. 

When the driver frequency matches that ofa normal mode, the ‘line Picks up 
oscillations with a specific configuration and it is interesting to sce the configuration 


develop by itself. 


Figure 9.8 shows schematically the configurations obtained experi- 
mentally using the resonance method for a line with N=8 with both 
ends clamped. The frequencies of the 8 modes have also been stated 
there. You may draw a graph of œ or v versus p, which corresponds to 
the dispersion curve. Below Fig. 9.8 the experimental values of vp/v, are 
given along with the theoretical values deduced from 

a, Shee” (p=1 to 8) 
Vg og sin 80 


The agreement is very good. i 
Figure 9.9 shows the typical results obtained by the resonance method 


for a line with N=15. A plot of o against mode number p is shown. It 


* The driver will have to be supplied energy every few minutes and this may be 


done by just an appropriate push. ; i 
**Decrease of o may be achieved by adding loads on the oscillator arms even as it 


is in motion. This is a useful procedure in finer adjustments, though for major changes 


in œ the masses have to be slided. 
top =2nvy and kp=p(7/L)- 
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FIGURE 9.8. Configurations and frequencies for the 8 modes excited in a line 
with N=8 by the resonance method. (“p/Ys)ezp compared with the corresponding 
theoretical values. 
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FIGURE 9.9, Dispersion curve for a line with N=15 studied by the resonance 
method. Modes p=1, 2, 13, 14, 15 could not be studied (see text). 
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will be noted that modes 1 and 2 could not be excited since they needed 
a driver frequency below the minimum available with the given driver. 
Modes 13, 14 and 15 also could not be excited, apparently because the 
frequencies in this region are too much crowded together. Possibly small 
differences of J and ain the line cause more noticeable departures from 
the theoretical ideal in these higher modes than in the lower modes. The 
higher modes thus ‘‘see” such departures more seriously. 

In Fig. 9.9 the theoretical curve is obtained from Equation (9.8) using «3 
(@ for p=3) to eliminate the constant 4C’/Ja. It will be noted that the 


experimental points fit the curve quite well. 


EXPERIMENT 9-D To study the propagation velocity 
along the line. 


Set up the propagation line with a larger number of identical dumb- 
bells (say>>20) with equal spacing a. Bring the system to the state of rest 
and generate a pulse at the bottom end. See how the pulse travels up and 
down. See also if the reflections at the top and the bottom ends are different. 

With a stop-watch determine the time ¢ for transmission of the pulse 
across different lengths / on the line, and plot a graph between ¢ and /.* 
Also count the number of sections n corresponding to each 7 and piott 
vs n graph. , 

Figure 9.10 shows the typical results of one such experiment. The ¢ ys 
] plot is a straight line. Since the data extend to as many as 10 back- 
and-forth journeys, in which the pulse becomes quite weak, the straight 
line character of the curve shows that the pulse velocity does not depend 
on the amplitude in the range used (initial 0o=90°). The slope Al/At 
gives the velocity v in terms of cm/sec, while the slope An/At gives the 


velocity vs in terms of sections/sec. 2 s ; 
The constants given in the inset, when used in Equation IX-A(15) of 


Appendix IX-A, give the velocity as 
2 24x10! = 10.8 cm/sec. 


= E TN (1.32/6.2)108 
which compares well with the experimental value 11.1 cm/sec 


The traversal time per section (Ts) comes out to be 0.59 sec. Although 


To could be computed from C’, I and a it was measured directly and it 
Came to 3.75 sec., which gave To/27=0.594 sec. =Ts. This is in agreement 


with Equation (9.7). 


In about 15 to 20 passages up and down the line, the pulse starts degenerating into 
‘noise’-—which means random disturbance. How would you explain such occurrence? 


’ 
*In each unit there is a deed length of 0.6 cm corresponding to clamping of the 
unit with the tape. In the measurement of | this length must be accounted for. 
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You may try to generate ‘sharper’ pulses (less spread in Figure 9.4) and see if ne 
pulse degenerated faster or slower. Jn fact, you may try to measure the velocity wit 
a pulse generated by an angular ‘kick’ to one dumb-bell and sce the difficulties. 
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FIGURE 9,10, Variation of pulse travel time with distance or number of sections. 


EXPERIMENT 9-E To study the dependence of propa- 


gation velocity on the line parame- 
ters. 


Repeat Experiment 9-D varying J of each dumb-beil in one series and 
varying the spacing a between the dumb-bells in another series, Show 
the results in two graphs (a) Ts vs J and (b) T: vs a. 

Figure 9.11 (a) and (b) represent the typical results of an experiment. 


The curves do not come out as straight lines; the curvatures show To 
increasing with both J anda. Nature ofthe curv 


Therefore in Fig. 9.12 (a) and (b) we show plots of 
Ts vs vI and T: vs ya 
respectively. You may see that the experimental 


es appears parabolic, 


points fall smoothly on 
a straight line in each case, showing that 
Tsu JT ee (99) 
and Tsasy/a 


. >+ (9:10) 
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FIGURE 9.11. Traversal time per section as a function of (a) the moment of inertia 


I of each dumb-bell, (b) the spacing a. 
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FIGURE 9.12, Data of Fig. 9.11 plotted as (a) T vs Vi, (b) Ts vs Va. 


o 40 80 


Taking the two results together, the traversal time per section shows 


the dependence ae (9211) 


Ts ar/la = Kyla 


where K is a constant determined from the experiment. Equation (9.7) 


would suggest 
T A pA LID) 
Te , | = Sa Ve $ 
Verve 


Hence you may check if the experimental K is equal to 1//Cr 


EXPERIMENT 9-F To study the variation of reflec- 
tion coefficient with termination. 
om) of the line by attaching a wire- 


Terminat end (the boft ) ; 
ve e O aced under it. Using the adjustable 


net dipping into water in a bucket pl 
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loads on the attachment holding the net, equalise the moment of inertia 
of this system with that of each dumb-bell. The immersion depth d of 
the wire-net in water changes the damping factor r. 

Make a separate study of the damping of torsional oscillations due to 
the wire-net dipping in water upto different depths. You may deduce 
the damping coefficient z (as in Experiment 6-A, for example) and hence 
the factor r = x. 27. Figure 9.13 gives the typical results of an experi- 
ment. You find thatr comes out linearly dependent on the immersion 


depth d. You can use this graph to convert d values to the correspond- 
ing r values. 
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FIGURE 9,13, Variation of damping factor r due to the wire net with its 
immersion depth d. 


Now set the circular scale at the lev 
the line. Start a pulse from anywhere above this dumb-bell and measure 
the amplitude 09 of the dumb-bell Aas the pulse passes down and the 
amplitude 9’ of the reflected pulse from the bottom when it passes 
‘through the dumb-bell A. The ratio 90'/09' gives you the reflection co- 
efficient R for amplitude, and you may take note of the Signs of 09 and bo’ 
in deducing its value. (To check that R is not dependent on 0o you may 
make several sets of observations with different 0o). 


elof a particular dumb-bell 4 in 
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Now study the variation of R with the immersion depth d of the wire- 
net in water. Converting d into the corresponding r values, plot a graph 
showing R vs r. Figure 9.14 shows the results of a typical experiment 
with three different transmission lines (J and a changed). In each case 
R falls from +1 (at r=0) to zero at a particular r=re, and then becomes 
negative. ; 

In the theory of transmission line the characteristic impedance re is 
definded as 

r=VIC sags (9513) 

Now, if anend section has a damping, represented by damping factor 

r, then the wave is partially reflected, the coefficient of reflection R being 


given by 


= a ... (9.14) 
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ere. i fez MTC ky 
(102gem2) (10%dy cm/rad) (10d ycm sec) t 
40:8 253 h 
20:0 15 i 
20:0 9-7 j 


Reflection coefficient, R 


Damping factor, r (10?dy cm sec) 


FIGURE 9.14. Variation of reflection coefficient R with the impedance r ofthe 
termination. Theoretical R vs r curves are also drawn for comparison. 


It means that if r = re there is no reflection at all and the entire energy 
of the incident wave is absorbed by the damping system. For r>re the 
wave is partially reflected with reversal of phase (R negative) and 
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for r<r- the wave is again partially reflected, but without phase reversal 
(R positive). re is called the characteristic termination impedance. 
It may be noted that absorption of the incident wave energy docs not increase 


monotonously as r increases. It reaches a maximum (100% absorption) at r=r, and 
decreases for larger as well as smaller r. 


Now from the data in the inset of Fig. 9.14 one may compute re and 
then plot R vsr curves for the three re values. These curves are shown 
in the figure, and it may be noted that the experimental points fit the 
curves well. 


RELATED EXPERIMENT 


EX PERIMENT 9-F (i) 

You may change the termination by changing either the Wire-net or 
the liquid or both and repeat Experiment 9-E. The R vs dand d vsr 
data will, of course, change. Check if R vs r data come out the same for 
the given transmission line. 


EXPERIMENT 9-G To study the partial reflection and 


partial transmission at the boun- 
dary of two media. 


Create two ‘media’ along the transmission 
line by setting the upper sections with one J 
and a combination and the lower sections with 
another J and a combination (Fig. 9.15). You 
now have two regions of different transmission 
velocities and we will call the regions medium 
l and medium 2. 

Generate a pulse in medium 1 and notice 
that at the boundary of the two media the 
pulse is partly reflected and partly transmitted. 
Measure the reflection coefficient Rig and the, 
transmission coefficient T3» where suffix 
‘12’ means “in going from medium I “te. 2s 
Also generate a pulse in medium 2 and 
measure Rə, and Tog. 

Repeat the observations for many different 
combinations of media l and 2. Figure 9.16 
shows the typical 


results of an experiment 
ma where medium 1 was kept the same (v; = 9.2 
FIGURE as Arrangement of cm/sec.) and medium 2 was varied so as to 
the transmission line behaving 
as two media, change v, from ~ 3 to 18 cm/sec. It was 
found that 
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Rey = —Riyg and Fa: = +Tx: - «9.18 


within the range of experimental errors. For this reasons only Tj, and 
Rye are plotted against v, in Fig. 9.16. À i 
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FIGURE 9.16. Refection and transmission at the boundary of two media as a 
function of v2 when vı is kept constant. 


The results stated through Equation (9.15) are in themselves quite significant; the 
transmitted pulse always goes without change of sign, whereas the reflected pulse goes 
with the same or reversed sign depending on whether it is incident from a medium of 
smaller v or larger v respectively. From the curves of Fig. (9.16) check if R2+72 
comes out to be constant (= 1) throughout. Why would you expect it? What would 
va>0 and vg = imply in terms of (say) the spacing a of the sections or I of the dumb- 
bells ? In view of this what values would Riz and Ty, tend to as v2>0 and vı> »?- 


In transmission line theory, Ryg is given by 
Fei teco 
R= 22S 
1a repre . - (9.16) 
where rey and regare the impedances of the two media (see Appendix 
1X-A). 
This may be expressed also in the form 


Hy2—1 


Rs = 
9 agti 


. + (9.17) 


188 MECHANICAL SYSTEMS 


where py, is defined as the ratio of the wave velocities in the two media 
and may be called the refractive index. To see whether Equation (9.12) 
holds in the case of the one-dimensional mechanical wave, you may 
compute p2 from your data and plot Ri, against Py. 


Equation (9.16) appears similar to Equation (9.14). But there is one important 
difference. In the case related to Equation (9.14), the quantity (1-R*) represents the 
fraction of incident energy absorbed at the termination, whereas in the case related 
to Equatio (9.16), the same quantity represents the fraction of incident energy 
transmitted to the second medium. 


Figure 9.17 shows the results of a typical experiment in which py. was 
varied in a number of ways. The experimental points and the theoretical 
curve for Ry» VS #12 are shown and you may note that the agreement is 
satisfactory. 
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FIGURE 9.17. Comparison of observed variation of the reflection coefficient 
with the refractive index and the corresponding theoretical çurve 


APPENDIX IX-A 


THEORY OF THE MECHANICAL 
TRANSMISSION LINE 


1, The Uniformly Distributed Line 
For a uniformly distributed line we shall follow the analogy of a string 
under tension, For a string under tension F and mass m’ per unit length, 


the wave velocity is TES Ifa length L is clamped at both the ends, 
m 


the standing wave modes have wavelengths given by 2L/p, where p is an 
integer. Thus the frequency of the p'* modes is: 


yd ee ae eE .. IX-A(1) 
LN m m 


where kp is the wave number of the p'* mode. For torsional oscillations 
of a strip we write by comparison 


os=kaf Ka .. IX-A(2) 


where C’ is restoring factor for unit length, and 7’ is the moment of 
inertia per unit length in the distributed line. The available kp values 


are: 


k="? (p=1 to co) n . AX-A(3) 


there being no upper limit for p since the line is supposed to be continuous. 

In case the ratio w/k, which equals the velocity v of the waves on the 
line, is independent of k, the system (or medium) is called non-dispersive, 
As we shall see, a lumped transmission line is dispersive. 


2. The Lumped Transmission Line 
Figure IX-A(1) shows a line comprising of dumb-bells of moment of 
inertia J each mounted on a steel tape with equal spacing a: Dumb-bells 0 
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and N-+1 are clamped, so that there are N free dumb-bells and total 
clamped length of the strip is 

g L=(N+!)a . . -IX-A (4) 
The equation of motion for each dumb- 
bell in the line, assuming nearest neighbour 

coupling, can be written as: 
Tén=C’ Onsa=On _ q hea, 1X-A(5) 

a a 

There are N equations like this, and their 
simultaneous solution leads to N normal 
modes. As discussed in Chapter 8, all the mem- 
bers oscillators with the same frequency and 
phase in a given mode, although with different 
amplitudes. Any general oscillation is a 


o superposition of the normal modes. 
o 
N 3. The Normal Modes 
Nail Consider the p!” normal mode. For the nth 
clamped 


dumb-bell in this mode the oscillation may be 
FIGURE IX-A(1). N lumped written 


units in a transmission line Un CA 
closed at both ends. (On)p=(An)» cos (wat +8) .. . IX-A(6) 


where wp and &» are the same for all the dumb-bells in a given mode 
(bere pt*). Substitution of this and similar equations in Equation IX-A(5) 
leads to 


Tn 2-0 | + IX-A) 


The configuration i.e., the relative values of Ani, An and an) must 
satisfy this relation. Let us try the solution— 


(An)p=A? sin Apna . . . IX-A(8) 
This will satisfy Equation 1X-A(7) if , 
4C sine SE 2 IX-A(9 
oraz 7 B (9) 
Thus the solution for the normal mode oscillations 1s 
(0n)n—=Az sin kyna cos (wot +82) ... UX-A(10) 


where wp is related to kp through Equation 1X-A(9). This is called the 
dispersion relation. The allowed kp values are given by the boundary 
conditions. 


4. Boundary Conditions: Available Normal Modes 
The boundary conditions are %=0 and 9v4,=0 for all p values. 
Equation 1X-A(8) satisfies the first anyway. The second boundary "condi- 
tion leads to 
[sin kpna)navya=O => sin kpL=0 
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Thus the k values of the available normal modes are 


k» PN Ia PT (p=! to N) + wel XA (LI) 
Equation IX-A(9) may now be written as 
in, (ORs De 
w=] E sin INTY (p=! to N) . . LX-A(12) 
and Equation 1X-A(8) as 
= . pnz 
(An)p=Ap Sin Nal .. . IX-A(13) 


The values of Ap and 8p are arbitrary, which means that the different 
modes may mix in any proportion of amplitudes and any relative phases. 
A pure mode, say pt, would mean that Ap-=0 for all values of p other 


than pı. 


5. Discussion 
(a) Long wavelength approximation. Let px/2(N-+1)<I1. In that case 


using Equation 1X-A(12) and IX-A(11) leads to 


Pe ee a oe: 
TEN INFI je . . IX-A-(14) 


where /’=J/a. This holds when p (the mode number) is small, which 
means A is large (compared with a). In this range ©/k is constant, so 
that the medium is non-dispersive. We get 


ate -JẸ n XAUS) 


Sometimes the velocity is put in terms of sections per second. Calling it 


ys=v/Qa, WE get 


eal -JZ F .. . IX-A(16) 


The traversal time per section Ts is reciprocal of Vs. 


ONENE |. IX-A(17) 
T C 


(b) Short wavelength approximation. High k corresponds to low A, 
Equation IX-A(1 1) shows that in the upper range of modes p 


m=; 2a 


k> Tyla ; 


thus A comparable with 2a is the short wavelength range for the 


transmission line. 
Equation 1X-A(12) shows that the max 


Son oe 

tome 2y| Fe si NFI 2 
and it corresponds to the k and A values cited above. The quantity 
2v Tla is called the cut-off frequency we because waves of frequency 


imum value œ can have is 


192 MECHANICAL SYSTEMS 


higher than œ. cannot propagate on this line. For large N we have 
maze, Where 


@e=2, | — . . . IX-A(18) 
(c) An example. Figure IX-A(2) shows a line which has (a) 5, (b) 8 and 


FIGURE IX-A(2). Three different ‘lines’ with same C’ and I’ a: 


nd same total length 
L, but having different number of sections. 


(c) 17sections in the same length L. Thus the values of a in the three 
cases are L/6, L/9 and L/18, which means a ratio 3:2:1. The total 
moment of inertia is kept constant i.e. I is unchanged, this means 


(Omax)s, 


iS) n 
[2] a 
T 


a 
= 


& in units of (max); 


ò 


05 


8 10 12 14 16 
Mode number p 


FIGURE IX-A (3). Theoretical dispersion curves for the three ‘lines’ of Fig. IX-A-(2). 
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that the Z values of individual dumb-bells are also changed in the 


ratio 3:2:1. 

gThe w vs k curve (dispersion curve) for the first case is given in 
Fig. IX-A(3), and the configurations for the five modes are shown in 
Fig. 1X-A(4). These are deduced from Equation IX-A(12) and IX-A(13) 


ote Ed oda i 


y mode 2 


respectively. 


mode 3 
mode 4 


¢ mode 5 


FIGURE IX-A (4). Theoretical configurations for the five normal modes 
in a ‘line’ with N=5. 

The effect of changing a and J (as described) is also shown in 
Fig. 1X-A(3). Firstly, maz increases in the ratio 2:3:6. Secondly, the 
number of observed modes increases from 5 to 8to 17. Thirdly, © for 
modes 4 and 5 (for example) is much below the ‘non-dispersion’ curve 
(the dotted line) in case (i) whereas the same modes are nearer that curve 


in case (ii), and almost on the curve in case (iii). 


6. Transmission of a Pulse ’ 
theorem, is the superposition of har- 


A pulse, according to Fourier’s 
1 k values. We have seen that non-dispersive 


character (w/k=constant) holds if k a/2<L. The pulse will travel 


without appreciable dispersion if (i) the contribution of high k compo- 
nents is relatively small, and (ii) a value of the transmission line is small. 


In that limit the pulse travels with a velocity given by 


o Cals Cc 
sees = -4$ .. 1X-A(19) 


monic waves of severa 
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inati eflection of a Wave | 
p Eran ed a characteristic of a transmission line > the a 
that if a lumped line of constants I and a is changed to one o gn n a 
Ila and alq the product J’C’ remains unchanged; in the limit q> We g 
over to the equivalent continuous line of the same I'C’ the dimension 


of y TC are those of the damping factor r (see Chapter 6). The 
eee re = VIC ... TX-A(20) 
is called characteristic impedance of the line.” \ 

The impedance re has two particular applications: S : 

(1) If an end section offers damping for torsional oscillations with a 


damping factor r, then the amplitude reflection coefficient R for the wave 
at this end is given by 


To—? 
RT s.. IX-A(21) 
(2) If the transmission line has two regions with characteristic impe- 


dances rey and rcz, then the wave incident from the first region towards 
the second suffers reflection, with reflection coefficient Ry» given by 


Rig = rea ren ... IX-A(22) 
cl1—Tco 
Thus, if rey>rcg the reflection is without phase reversal (Ri. positive), 
and if rey<rep there is a phase reversal on reflection (Rig negative). 
There is 100% transmission (Ri2=0) if rey=reg, which means Ty'Cy = 
7,/C,'. Similar inferences may be drawn 


from Equation IX-A(21), 
except that r=r- there leads to 100 per cent absorption. 


Ifthe two regions are on the same tape (C’ equal, as in our experi- 
ments), we have 


Ter VOT: _ VIC 


= =E CSN a 
Fes YC VIS v ~ Hae (say) 
Equation 1X-A(22) can then be also written as 
1—1 
a ee .-- IX-AQ3) 
Mier] Š 
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An excellant treatment of the subject of this Chapter may be found in F.S. Craw 
ford, Waves, Berkeley Physics Course, Vol. III, McGraw-Hill, New York, 1968. 


* Dimensionally, we have - ‘ 
[r] = (Cl) = (ML*T"1) = [ML2T~2/T-1) i 
= (torque/angular velocity) = (impedance in rotational moian 
This justifies the name ‘characteristic impedance for r,. Exact calculation sho’ 
the proportionality constant between them to be unity. 


a 


“I have no doubt that this course in experimental Physics, would 
go a long way not only in improving the experimental aptitude 
of the student but also in inculcating in him the attitude of 
enquiry so essential for scientific thinking.” 

Í H.G. Devare 
‘Tata Institute of Fundamental Research, Bombay 
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